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TAI LIEU ON TAP TOT NGHIEP THPT NAM 2024 - 2025

KIEN THUC CAN NHO
BAI 1. PHUONG TRINH, BAT PHUONG TRINH PAI SO
I. PHUONG TRINH - BAT PHUONG TRINH 1 AN
1. Phwong trinh bac nhit: ax+b=0
Gidi va bién ludn phwong trinh ax+b =0 (1)
Tap xac dinh: D =R

o a¢0:(1)<:>x=—2
a

a=0:1)=0x=->b
° b#0:(1) vd nghiém
b=0:(1) c6 tip nghiém R
2. Bit phwong trinh bac nhét: ax+5 >0
Giai va bién ludn bat phwong trinh bac nhéat: ax+5b>0 (1)
Tap xac dinh: D =R

° a>0:(l)<:>x>—é
a

. a<0:(1)<:>x<—é
a
a=0:1)=0x>-b
. b<0:(1) V6 nghiém
b>0:(1) c6 tap nghi€ém R
3. Nhi thirc bac nhit: f(x)=ax+b (a#0)

. ) <\ A rf 1A A . A ’ [y . A b \ e 1A 11 A A
Nhi thtre f(x) cung dau vdi hé so a khi x nhan céc gia tri thudc (——;+o0) va trai dau véi h¢ so a
a

khi x nhan cac gia tri thudc (—oo; —2)
a
II. TAM THUC BAC HAI
1. Phuong trinh bic hai: ax’ +bx+c=0 (a#0)
Xét A=b"—4ac (A'=b"—ac)
e Néu A <0 (A'<0) thi (1) v6 nghiém

e Néua-o0 (A’:O)thi(l)cénghiémképx:—zi (x:—b—j
a a

e NéuA>0 (A">0) thi (1) c6 2 nghi€ém phén biét
_bia (x__bwzj
2a

2. Dinh li Viet
Pinh li Viet thuan: Néu phuong trinh bac hai ax* +bx+c=0 (a#0) c6 2 nghiém x1, x> thi

a

S=x+x,=——
a

P=xx, = <
a
b. Dinh li Viet ddo: Néu c6 2 s6 x1,x» ma X, +x, =S va xx, = P thi x;,x2 1a nghi¢ém cua
phuong trinh X*-SX+P=0
c. Dau cac nghi€ém ctia phuong trinh béc hai:
Cho phuong trinh bac hai ax” +bx+c=0 (a#0) c6 2 nghiém x;, x>
e x,<0<x,&P<0

Té Toan — Tin — Trwong THPT Lé Hong Phong 1
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P>0
e 0<x<x,<A>0
S>0
P>0
e x<x,<0&<A>0
S<0

3. Déau tam thirc bic hai:

Cho tam thirc bac hai f(x)=ax’ +bx+c (a#0)
e Néu A<O thi a.f(x)>0 VxeR
e NéuA=0 thi a.f(x)>0 VxeR,

£ , . b
Dau “=" xay ra khi x = "
a

e Néu A>0 thi f(x)=0c6 2nghiém x,, x,
va a.f(x)<0 Vxe(x;x,) va a.f(x)>0Vx e (—0;x,) U (x,;+00)
Piéu kién tam thirc bac hai khong d6i diu trén R
o VxeRaf(x)>0=A<0
e VxeRaf(x)20=A<0

BAI 2. PAO HAM VA Y NGHIiA CUA PAO HAM
1 Mé dau
Nhiéu bai toan cua toan hoc, vt i, héa hoc, sinh hoc, ki thuat, ... doi hoi phai tim gidi han dang:
hm f('x)_f(x())
>y xX—X,
trong d6 f (x) 1a mot ham s6 da cho ciia ddi s6 x.
Qua bai sO va Giai tich 11, ta biét dinh nghia va ki hiéu cua s6 gia ddi s6 va sd gia tuong ing cua
ham so:
= SO giadoisola: Ax=x—x,
= S gia twong (mg ctia ham s6 1a: Ay = f(x) —f(xo)
Ta s& dung khai niém va ki hiéu d6 viét cac giéi han trén: lim S =Sx) o A
X=X X — xo Ax—0 Ax
2 Dinh nghia dao ham
Cho ham s6 y = f(x) , Xac dinh trén (a; b) va x, € (a; b)
Gié6i han, néu co, cua ti sd gilra sb gia cua ham sb va sb gia cua ddi sd tai X, , khi sb gia ddi sb dan
t61 0, duoc goi 1a dao ham cia ham sb yv=f (x) tai diém X, -
Pao ham ctia ham sd y = f (x) tai x, dugc ki hiéu la y'(xo) hodc f'(xo):

’ : f()C) B f(xo) = ' : Ay
x,) = lim ———"—"2= hodc = lim —
f ( 0) X=X x_xo : y Ax—0 Ax
3 Pao ham mot bén
a. Pao ham bén trai cia ham sé y = f (x) tai diém x,, ki hiéula f'(x,) duoc dinh nghia la:
f'(x(;)= hm &z llm f(x)_f(x())
A0 Ax xox X=X,
trong d6 x — x, dwoc hiéula x — x, va x<x,.
b. Pao ham bén phai ciia ham sb y = f(x) tai diém x,, ki hiéu1a f'(x; ) dugc dinh nghia la:
f(x) = lim Ay _ lim J )= f(x)
A0t Ax xoxt X=X,
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trong d6 x — x; duoc hiéula x —x, va x>x,.
Pinh li: Ham sb yv=f (x) c6 dao ham tai diém x, thudc tap xac dinh cta no, néu va chi néu
f'(x;) va f'(x;) ton tai va bang nhau. Khi d6 ta co: f'(x,)=f'(x; )=1"(x;)
4 DPao ham trén mdt khoang
Dinh nghia:
a. Ham sb yv=f (x) duoc goi la c6 dao ham trén khoang (a; b) néu né c6 dao ham tai moi diém
trén khoang do6.
b. Ham sb y=f (x) dugc goi 1a c6 dao ham trén doan [a; b] néu nd c6 dao ham trén khoang
(a; b) va c¢6 dao ham bén phai tai a, dao ham bén trai tai b .
Qui wéc: Tu nay, khi ta n6i ham sb yv=f ( ) c6 dao ham, ma khong noi rd trén khoang nao, thi
didu d6 c6 nghia 1 dao ham t6n tai voi moi gia tri thudc tap xac dinh cua ham s6 da cho.
5 Quan hé giita su ton tai ciia dao ham va tinh lién tuc cua h.s6
Pinh li: Néu ham sb y=f ( ) c6 dao ham tai diém X, thi n6 lién tuc tai diém do.
Chu y: 1. Pao lai khong diing, tirc 1a mt ham s lién tuc tai diém x, c6 thé khong c6 dao ham
tai diém do
2. Nhu vay, ham s6 khong lién tuc tai xo thi khong c6 dao ham tai diém do
6 Y nghia cia dao ham
1. Y nghia hinh hoc
1.1.Tiep tuyeén cua dwong cong phang:
Cho duong cong phang (C ) va mot diém cb dinh M, trén (C ) , \/_ T

(€

M

M la diém di dong trén (C). Khi d6 M,M 1a mot cat tuyén cia ~ 1

(€).

Pinh nghia: Néu cat tuyén M, oM 6 vi tri gidi han M T khi diém M di chuyén trén (C )
va dan t6i diém M , thi duong thang M oI duoc goi la tiép tuyén ciia duong cong (C ) tai
diém M. Dbiém M, duoc goi la ti€p diém. yA

©)

1.2.Y nghia hinh hoc ciia dao ham:
Cho hamsé y = f(x) xac dinh trén khoang (a; b) va co
dao ham tai x, € (a; b), goi (C) la dd thi ham s6 do.
Pinh li 1: Dao ham ctia ham s& £ (x) tai diém x, la hé f(x)
s goc cua tiép tuyén M,T cia (C) tai diém 0
M, (xo; f(xo))
1.3. Phwong trinh ciia tiép tuyén:
Pinh li 2: Phuong trinh tiép tuyén ciia d6 thi (C ) cua ham
) y=f(x) tai diém M, (xo;f(xo)) la
y=2o=1"(x)(x—x,)
1.4.St& dung y nghia hinh hoc ctia dao ham
- H@ s6 géc k cua cat tuyén MN véi duong cong(C) Y= f(x) ,biét M, N theo thir tu co

f(x, +Ax)

i = AV b7

hoanh d¢ l1a x,,, x,, duoc cho boi:
Ax  xy—x,

Vol x,, # X,,

- f’( ,) 1ahé s6 goc cua tiép tuyén voi duong cong (C) tai M(xo;f(xo))
1.5.Viét phuong trinh tlep tuyén ciia do thi
a. Tiép tuyén tai mot diém:

Phuong trinh tiép tuyén vé6i db thi (C ) y=f (x) tai diém M, 0 (xo; yo) :
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Trong dé:

Céacchuy:

=y =1"(x%)(x-x%)
M, (xo; ¥,) goila tiép diém.

- k=f"(x,) lahé sb goc.

- Néucho x, thi thé vao y = f(x) tim y,.

- Néucho y, thi thé vao y=f(x) tim x,.

b. Tiép tuyén di qua mét diém:
Dé lap phuong trinh tiép tuyén d véi (C ) biét d di quad(x,;y,):

Cach 1: -

Goi M (x,; y,) 1a tiép diém.

Phuong trinh duong thang d qua M, véi hé sb goc k = f '(xo):
y=yo=f"(%)(x-x)

A(xsy,)ed =y, =y, =1"(%)(x,~x)

Giai pt trén tim x,, tim f"(x,), thé vao y=f(x) tim y,.

Cach 2: Dung diéu kién tiép xuc (S& hoc ¢ 16p 12)
c. Tiép tuyén biét hé s6 géc:

- Giai phuong trinh: f” ( ) = k= cac hoanh d¢ tiép diém.

- Thévao y= f(x) dé tim tung do.

w Chay )
- tiéptuybn d//A:y=ax+b=k=a > X
- tiéptuyén d LA:y=ax+b=ka=-1

y
. s . d'
- Vict tiép tuyen: y—y, =k.(x—x,) \<\|/
1Yy: o o

- k =tana , voi a 1a goc gitta d voitia Ox .

2. Y nghia vat li
a. Van tdc tire thoi: Xét chuyén dong thang xac dinh boi phuong trinh:s = f (t) ,Voi f (t) la

ham s6 c6 dao ham. Khi 46, van toc tirc thoi cua chat diém tai thoi diém ¢, 1a dao ham cua

ham s6 s=f(¢) tai ,.

v(ty)=5"(t,)=f"(t,)

b. Cuwdng dd tirc thoi: Dién luong O truyén trong day dan xac dinh boi phuong trinh:

o=f (t) ,Voi f (t) 12 ham sb c6 dao ham. Khi d6, cudng do tirc thoi ciia dong dién tai thoi

diém to 1a dao ham ctia ham s6 O = f(t) tai ¢, .

[(to):Q'(to)zf'(tO)

BAI 3: CAC QUY TAC TiNH PAO HAM

1. Pao ham cta ham téng, hiéu, tich thuong, ham hop

1

2.

3.

(ufv+w), =u' —v'+w

(ku) =ku', v6i k 1a hing sb.
(

uy ) =u'v+vu

(uvw) =u'vw+uw'w+uvw'

u I/lV v'u
v
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! ! !
7o Y. =Y,u,
2. Bang dao ham cua cac ham s6 so cap co ban

Pao ham cua cac ham so so cap co bian Pao ham cia cac ham so hgp

(C)' =0, C hang sb

(x)'=1

cosx) =—sinx cosu) =—u'.sinu
' 1 2 ! I/l, 2 2

tanx) =——=1+tan’ x tanu) =——=u'(1+tan” u)

cos’ X cos’ u

1 u' ,

(cotx)'z ——=—(1+cot’ x) (cotu)'z ——=—u'(1+cot’ u)

sin” x sin” u

CHUYEN DPE I

UNG DUNG PAO HAM PE KHAO SAT VA VE PO THI HAM SO
Phan 1. TINH PON PIEU CUA HAM SO
PHAN A. LY THUYET
1) Khai niém tinh don diéu ctia ham s6

Gia st K 1a mot khoang, mot doan hodc mot nira khoang va y = f£(x) 1a ham s6 xac dinh trén K .

-Ham s6 y = f(x) dugc goi la ddng bién trén K néu Vx,,x, € K,x, <X, :>f(x1)<f(x2).

-Hamsb y = f(x) duoc goi 1a nghich bién trén K néu Vx,,x, e K,x, <x, = f(x)> f(x,).

Chuy
- Néu ham so ddng bién trén K thi d6 thi ciia ham s6 di Ién tu trai sang phai (H.a).
- Néu ham s6 nghich bién trén K thi d thi ciia ham sb di xudng tir trai sang phai (H.b).

VA VA
\/ (x)

(0] K X (@] K

\
=y

a) b)

- Ham s dong bién hay nghich bién trén K con dugc goi chung 1a don diéu trén K . Viéce tim cac
khoang dong bién, nghich bién cua ham s6 con dugc goi 1a tim cac khoang don di¢u (hay xét tinh don

diéu) cua ham so.

- Khi xét tinh don diéu cta ham s6 ma khong chi o tdp K thita hiéu 1a xét trén tap xac dinh cua ham

s6 do. )
PINH Li
Cho ham s6 y = f(x) c6 dao ham trén khoang K .
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a)Néu f (x)>0 véimoi x e K thi ham s6 f(x) ddng bién trén khoang K .
b) Néu f (x)<0 véimoi x e K thi ham s6 f(x) nghich bién trén khoang K .
Chu y
- Pinh 1i trén van dang trong truong hop f (x) bang 0 tai mot s6 hitu han diém trong khoang K .

- Nguoi ta ching minh dugc rang, néu f (x)=0 v6i moi x e K thi ham s f(x) khong d6i trén
khoang K . ) )

2) Sir dung bing bién thién xét tinh don dléu ctia ham so

Cac budc de xét tinh don di¢u cia ham so y = f(x) :

1. Tim tap xac dinh ciia ham sb.

2. Tinh dao ham f"(x). Tim cac diém x,(i =1,2,...) ma tai d6 dao ham bang 0 hoic khong ton tai.
3. Sap xép cac diém x, theo thir ty ting dan va lap bang bién thién ciia ham so.

4. Néu két luan vé khoang ddng bién, nghich bién ctia ham sd.

PHAN B. BAI TAP _ ‘
TRAC NGHIEM NHIEU LUA CHQN
Céul. (Ma101-2020 Lan 1) Cho ham so f(x) c6 bang bién thién nhu sau:

€ —o00 —1 0 1 +o00o

f'(z) - o+ o - 0

b
+00

ol NN

Ham s6 d cho dong bién trén khoang nao dudi day?

A. (—o0;—1). B. (0;1). C. (-L1). D. (-1;0)
Cau2. (Mi 103 -2019) Cho ham s f(x) c6 bang bién thién nhu sau:
T —00 -1 0 1 400
f(x) -0 4+ 0 - 0 +
+00 3 +-00
f(z) \0/ \0/

Ham s6 da cho dong bién trén khoang nao sau day?

A. (—o0;-1). B. (0;1). C. (-10). D. (—1L+o0).
Cau3. (M4 104 -2017) Cho ham sd y = f(x) c6 bang xét ddu dao ham nhu sau
x |- -2 0 2 400
Y ‘ & 0 - H — 0 +

Ménh dé nao duéi day diung?

A. Ham s6 nghich bién trén khoang (—o0;—2)  B. Ham s6 dong bién trén khoang (-2;0)

C. Ham s6 dong bién trén khoang (—;0) D. Ham s6 nghich bién trén khoang (0;2)
Caud.  (Kim Lién - Ha Ni- 2019) Cho ham s6 y = f/(x) c6 bang xét diu ctia dao ham nhu hinh

veé. Ham s6 da cho nghich bién trén khoang nao dudi day?

x

-0 1 +@w

!

e
et
A. (I;+00). B. (—o0;1). C. (-1;+x). D. (—o0;-1).

Cau5.  (Mi 101 - 2018) Cho ham s6 y = f(x) c6 bang bién thién nhu sau
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T —00 -1 0 1 +00

f(z) -0 + 0 - 0 +

TR 3 +00
f(zx) \:2/ \:2/

Ham sd dé cho nghich bién trén khoang nao dudi day?

A. (-1,0) B. (—0;0) C. (L;+0) D. (0;1)
Cau 6.  (Mai 102 - 2018) Cho ham sé y = f(x) c6 bang bién thién nhu sau:
T —00 -1 1 +00
f(z) + 0 — 0 +
f(z) / \ /
oo ~,

Ham sd dé cho dong bién trén khoang nao dudi day?
A. (—L+). B. (1;+0). C. (-L1). D. (—o;1).
Cau7. Chohamsd y=f (x) co biang bién thién nhu hinh duéi day. Ménh dé nao sau day la

ding?
X —0 ot 3 +o0
2
y + + 0 =
+o0 4
.v
—on —aD —o0
1 .

A. Ham s6 da cho dong bién trén khoang [_E ooj .

B. Ham s6 da cho dong bién trén khoang (—o0;3).
C. Ham s6 da cho nghich bién trén khoang (3;+c0).

D. Ham sb da cho nghich bién trén cac khoang (_OO;_%] va (3;+x).

Cau8. Chohamsd y= f(x) c6 bang bién thién nhu sau:

x |—oo -1 0 1 4o
¥ + 0 - = 0 +
2 400 a0
—&0 — 4

Ham sd nghich bién trong khoang nao?
A (-L1). B. (0;1). C. (4;+0). D. (—;2).

Cau9. (P& Tham Khio 2019) Cho ham sé y = f(x) ¢6 dd thi nhu hinh v& bén. Ham s6 da cho

ddng bién trén khoang nao dudi day?
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Yy

A. (—0-1) B. (-L1) C. (-10) D. (0;1)
Cau 10. (Mi 102 —2020 — Lan 2) Cho ham s6 y = f'(x) c6 db thi la duong cong trong hinh bén.

Ham s6 da cho nghich bién trén khoang nao dudi day?

by
= 0 g =
A. (-L0). B. (—o0;—1). C. (0;1). D. (0;+).

/4 1 4 . . A 4 .
Cau1l. Chohamso y= —§x3 +mx’ +(3m+ 2)x+1. Tim tat ca gia tri cia m d€ ham s6 nghich

bién trén R .

m=>—1 m>—1
A. . B. 2<m<-1. C. 2<m<-1. D. .
m< =2 m<-=2
Cau 12. Tim diéu kién ciia tham s6 thue m dé ham s y =x’ —3x* +3(m+1)x+2 dong bién trén
R.
A m=>2. B. m<2. C. m<0. D. m>0.
A ~ £ mx+4m . X £ . \ I
Cau 13. (Ma 104 -2017) Cho ham s6 y =—— v6i m la tham so. Goi S 1a tp hop tat ca
x+m
cac gia tri nguyén ctia m dé ham sb nghich bién trén cac khoang xac dinh. Tim sb phan
tir ciia S'.
A. 4 B. V6 s6 C.3 ﬂ D.5
Cau 14. (THPT Hoa Lw A - 2018) Co tat ca bao nhiéu so0 nguyén m d¢ ham so
(m * l)x -2 XAy . T .y
y = ————— dong bién trén tiing khoang xac dinh cua n6?
X—m
A. 1. B. 0. C.2. D. 3.

Ciu 15. (SGD&PT Bic Giang - 2018) C6 bao nhiéu gia tri nguyén ctia tham s6 m dé ham sb
2
y= xrm dong bién trén timg khoang xéac dinh ctia n6?

x+4
A. 5. B. 3. C.1. D. 2.
Cau16. (Ma 101 —2020 - Lan 1) Tép hop tat ca cac gia tri thuc ciia tham s6 m d€ ham so
y=2 4 dong bién trén khoang (—o0;—7) la
xX+m

Té Toan — Tin — Truwong THPT Lé Hong Phong 8
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A.[4:7). B. (4;7]. C. (4;7). D. (4;+).

Ciau 17. (Mi 104-2018) C6 bao nhiéu gia tri nguyén ctia tham s6 m dé ham sé y = x+3
x+3m

bién trén khodng (—0;-6).

A. 2 B. 6 C.Vosd D. 1
x+2

Cau 18. (Ma 101- 2018) C6 bao nhiéu gia tri nguyén ctia tham sé m dé hamsb y = 5
X+ Xm

bién trén khoang (—oo;—IO) ?
A. 2 B. Vo sb C.1 D. 3

Cau 19. (Ping Thiic Hira - Nghé An - 2020) C6 bao nhiéu gia tri nguyén cua tham sb

me (—2020; 2020) sao cho ham s y = Sx+18 nghich bién trén khoang (—OO; —3) ?

A. 2020. B. 2026. C. 2018. D. 2023.
Ciu 20. (Sé Binh Thuan 2023) Cho ham sé f(x) c6 bang xét ddu ciia dao ham nhu sau:

X —a0 1 2 3 4 +a0
f"(_»._-] - 0 + 0 + 0 - 0 +
Ham s6 y =37 (x+2)—x" +3x ddng bién trén khoang nao dudi day?
A. (—o0;-1). B. (—1;4c). C. (06;2). D. (-1;0).
TRAC NGHIEM DUNG SAI

Caul. Chohamsé y=f (x) lién tuc trén R va c6 bang bién thién nhu sau:

X —0 —3 -2 +o0
B + 0 + 0 —
y /|v s
0
- / —

Khi do: ) ‘ )

a) Ham s0 da cho dong bién trén cac khoang (—w0;-5) va (-3;-2)
b) Ham s6 d3 cho dong bién trén khoang (—o055)

¢) Ham s6 da cho nghich bién trén khoang (=2;+)

d) Ham s6 dé cho ddng bién trén khoang (—o0;-2)

Cau2. Chohamsd f(x) c6 bang xét du dao ham nhu sau

Khi dé:

a) Ham s6 dong bien trén khoang (-3;0).
b) Ham sb nghich bién trén khoang (0;3).
¢) Ham s6 dong bién trén khoang (—0;0).

d) Ham s6 nghich bién trén khodng (-w;-3).
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Cau3. Chohamsé y= f(x) c6do thi nhu hinh v& bén.
.

Khido | |

a) Do thi ham s cat tryc tung tai diém cé tung d6 bang 3
b) Ham s nghich bién trén khoang (-3:0).

¢) Dong bién trén khoang (~1;0).

d) Nghich bién trén khoang (0;3).

. -1 .
Caud4. Chohamsd y= il (tham s m). Khi do:
m—4x
a) Khi m =0 thi ham s6 nghich bicn trén khodng (-1;1)
2 —
b) Tacs /=" 2
(m —4x)

d) Ham sb nghich bién trén khoang (—oo;%j khi a<m<b,khidd b—a=1

d) Ham s6 nghich bién trén khoang (—oo;%j khi a <m<b,khido6 log,a’ =0

Cau5. Chohamsdy=x’—-3x>+ (2—m)x (tham s m). Khi do:
a) Khi m =0 ham s6 dong bién trén khodng (—oo; 1)
b) Khi m =0 ham sb dong bién trén khoang (2;+)
¢) Biét tap hop tat ca cac gia tri thuc ctia tham sb m dé ham sb dong bién trén khoang
(2;400)1a (—o0;a] lac d6: (—o0;a]n(1;2024) = (—0;2024)
d) Biét tap hop tat ca cac gid tri thuc cua tham s m dé ham sb dong bién trén khoang
(2;+0)1a (—o0;a]lic d6, phuong trinh 2" = a c6 nghiém x> 2
Cau6. Chohamso y=x’ —mx® —(m—6)x+1(tham s6 m). Khi do:
a) V6i m =0 thi ham s nghich bién trén khoang (—o0;+00)
b) V&i m =6 thi ham s dong bién trén khoang (4;+)
¢) Bé ham s6 dong bién trén khoang (0;4) thi m<2
d) Tap hop tat ca cac gia tri ciia tham sdm dé ham sé dong bién trén khoang (0;4) 1a

(—01a]. Khi d6 lim(x+2024) =2027

Cau7. Chohamsd y=x’—3mx’ —9m’x (tham s6 m). Khi do:
a) Khi m=1 thi ham s6 dong bién trén khoang (-1;0)
b) Néu m >0 thi ham s6 nghich bién trén khoang (-m;3m).
¢) Néu m <0 thi ham sé nghich bién trén khoang (3m;—m).

d) Biét ham s6 nghich bién trén khoang (0;1) khi m < a hodic m>b, khi dé a+b =§

.1 .
Cau8. Cho ham sb y=§x3—mx2+(2m—l)x—m+2 (tham s& m). Khi do:
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Cau 10.

a) V6i m=0 thi ham s6 dong bién trén khodng (0;+o0)

b) y'(2m-1)=0

¢) Néu m>1 thi ham s6 khong thé nghich bién trén khoang (-2;0)

d) Dé ham s6 di cho nghich bién trén khoang thi m < « . Khi d6 phuong trinh 2024" =a
c6 1 nghi¢m.

Chohamsby = f (x).Ham SO y = f'(x) co d6 thi nhu hinh v&. Ham s6 g(x) = f(x* -2).

L
1
X

1
i
1
1
1
1
1
1
1
1
[

Khi do6

a) Ham s g (x) nghich bién trén (—o0;-2)

(
I3 ( 4

¢) Ham s0 g (x)nghich bién trén (-1;0)

d) Him s6 ¢ (x)nghich bién trén (-2;-1)

Cho ham sb y = f(x) biét ham s6 £ (x) c6 dao ham f'(x) va ham s6 y = f'(x) c6 do

thi nhu hinh v&. Dat g (x)= 1 (x+1).

Vv

)
b) Ham s6 g x)déng bién trén (2;+00)
)

Khi do:

a) Ham s6 g (x) dong bién trén khoang (3;4).

~ ~—

dong bién trén khoang (051).

— ~

b) Ham s6 g (x

¢) Ham s6 g (x) nghich bién trén khoang (2;+ ).

—~
~—

d) Ham s gl(x

nghich bién trén khoang (—0;0).
TRA LOT NGAN

—~
~—

Tim m dé ham sé y=x"—3mx’ +3(2m—1)+1 ddng bién trén R .

Traloi..............

(Sé Nam Pinh 2022) Cho hamsé y = f (x) ¢6 bang xét dau cua dao ham nhu sau:
T —00 _9 0 3 +o0
f'(x) -+ 0 = 0 s 0 =

C6 bao nhiéu gia tri nguyén ciia tham sé m théa man —20<m <20 vahamsd y=f (x2 +2x+ m)

d6ng bién trén khoang (0;1) ?
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TAI LIEU ON TAP TOT NGHIEP THPT NAM 2024 - 2025
Ciu 3. (S¢ Binh Phuwéc 2023) Cho ham sd = f(x) lién tuc trén R va c6 dao ham

f(x)=x(x-1) (x2 +mx+16). C6 bao nhiéu gia tri nguyén ciia tham sb m e [-10;10] dé ham s
g(x)= f(x)+ ix“ —%f + %xz +2023 déng bién trén khoang (5;+x)
5
Cau 4. (THPT Thi xi Quéng Tri 2023) Cho him sé f(x) = % —x* +(m —1)x — 4029 . Cé bao nhiéu

gia tri nguyén cia m dé ham sd y =| f(x—1)+2022| nghich bién trén khoang (—o0;2) ?

Cau 5.  (S& Hai Phong 2023) Cho ham s bac 4 ¢6 d6 thi nhu hinh vé sau:

e
¥

Co bao nhiéu gia tri nguyén cua m e (—25;20) dé ham s6

g(x)= % A+ % m- f*(x)+(3m—5) f(x)—7 dong bién trén khoang (-2;0) ?

Ciu 6. (THPT Hai Ba Trung — Hué - 2023) Cho ham s6 y = f”(x) c¢6 d6 thi nhu hinh vé&.
v

57

10

y=f(z)

C6 bao nhiéu gia tri nguyén duong ctia tham sé6 m dé ham sé y = |2 f(nx)—In*x+1-m
nghich bién trén (1;e), biét f(1)=2 ?

CUC TRI CUA HAM SO
PHAN A.LY THUYET
1) Khai niém cue tri cia ham s
Téng quét, ta co dinh nghia sau:
Cho ham s6 y = f(x) xé4c dinh va lién tuc trén khoang (a;b) (a c6 thé 1a —0,b c6 thé 1a +o0) va
diém x, € (a;b).

- Néu ton tai s6 £ >0 sao cho f(x)<f(x0) v&i moi XE(XO—h;XO+h)C(a;b) va x # X, thi ta noi

ham s6 f(x) dat cuc dai tai X,
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TAI LIEU ON TAP TOT NGHIEP THPT NAM 2024 - 2025

- Néu ton tai sd 4 >0 saocho f(x)> f(x,) véimoi x (x,—h;x, +h) = (a;b) va x# x, thi ta noi

ham sé f(x) dat cuc tiéu tai x,.

Chu y

- Néu ham sb v = f(x) dat cuc dai tai x, thi x, dugc goi la diém cuc dai ciia ham ) f(x).Khi
do, f (xo) dugc goi 1a gia tri cyc dai cia ham sb f(x) vakihiéula f., hay y.,. Piém

M, (xo; 1 (% )) duogc goi la diém cyc dai ciia d6 thi ham sb.

-Néuham s y = f(x) dat cyc tiéu tai x, thi x, dugc goi la diém cuc tiéu ciia ham s6 f(x) . Khi
do, f (xo) duoc goi 1a gid tri cuc tiéu cia ham s6 f(x) vaki hiéula f,., hay y.,.Diém

M, (xo; 1 (% )) duogc goi la diém cyc tiéu ciia do thi ham s6.

- Céc diém cuc dai va diém cuc tiéu duoc goi chung la diém cuc tri. Gia tri cuc dai va gia tri cuc
tieu duogc goi chung la gia tri cuc tri (hay cuc tri) cua ham so.

2) Cach tim cuyre tri cia ham so

PINHLI1

Gia stir ham s6 y = f(x) lién tyc trén khoang (a;b) chira diém X, va co dao ham trén cac khoang
(a;x,) va (x,;b). Khi do:

a) Néu 1" (x)<0 véimoi x e (a;xo) va £ (x)>0 véimoi x e (xo;b) thi x, 1a mot diém cuc tiéu
ciia ham s& f(x).

b) Néu £ (x)>0 véimoi x e (a;xo) va £ (x)<0 véimoi x € (xo;b) thi x, 1a mot diém cuc dai
cia ham s& f(x).

Pinh li trén duge viét gon lai trong hai bang bién thién sau:

X a X, b
f(x) - +
x) I fix,) —
(Cuc tiéu)
X a X, b
(%) + -
f(x,)
fix) /(CL_PC dai)\

Chu y.
>y Ttr dinh 1i trén ta c6 cac budc tim cuc tri cia ham sé y = f(x) nhu sau:
1. Tim tap x4c dinh cta ham sd.
2. Tinh dao ham £ (x). Tim c4c diém ma tai d6 dao ham f (x) bang 0 hodc dao ham khong ton
tai.
3. Lap bang b@én thién ciia ham sb. )
4. Tu bang bién thién suy ra cac cyc tri cia ham so.
> Néu f'(x,)=0 nhung f (x) khong doi dau khi x qua x, thi x, khong phai 1a diém cyc
tri cia ham sd. Chang han, ham s6 f(x)=x" ¢6 f (x)=3x",f (0)=0, nhung x = 0 khong
phai 1a diém cuc tri ciia ham sd.
¥
2l

L= < yo

14

-
N4
>

2 H/0
41

PINH Li 2. Gid sttham sb y = f(x) ¢6 dao ham cap mot trén (a; b) chira diém x,,
y'(x,) = f"'(x,)=0 vafcé dao ham cip hai khac 0 tai diém x,
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- Néu y"(x,) <0 thiham sd y = f(x) dat cuc dai tai diém x,
- Néu »"(x,) >0 thi ham s y= f(x) dat cuc tiéu tai diém X,

Tt dinh li trén ta c6 cac budc tim cuc tri cia ham s6 y = f(x) nhu sau:

1. Tim TXD

2. Tinhy’ '

3. Gidi phwong trinh y'=0 tim nghiém x, néu co6
4. Tinhy”

5. Xétdau y"(x,)

Néu y"(x,) <0 thi ham s6 f'dat cuc dai tai diém x,

- Néu y"(x,) >0 thi ham sb f dat cuc tiéu tai diém x,
- Néu y"(x,) =0 thi x, khong phai 14 diém cyec tri.
PHAN B. BAI TAP ’ ‘
TRAC NGHIEM NHIEU LUA CHON
Caul. (P& Tham Khio 2020 — Lin 1) Cho ham s6 y = f(x) c6 bang bién thién nhu sau:

X —00 0 3 +00
f(x) + 0 - 0 +
2 +oo
f(x) / \ e
—00 —4

Gia trj cuc tiéu ctia ham s d3 cho bﬁng
A. 2. B. 3. C.0. D. 4.

Cau2. (P& Tham Khao 2020 — Lan 2) Cho ham s f (x) ¢6 bang bién thién nhu sau:

T | 0o =i 2 +00

+ 0 = 0 +
1 +0a
fla) / \ /
- )

Ham s da cho dat cuc dai tai
A, x=-2. B. x=2. C.x=1. D. x=-1.

Chu3. (Mi 101-2020 Lan 1) Cho ham £ (x) c6 bang bién thién nhu sau:

T —0o0 0 3 +00
f’(x) -+ 0 — 0 -+
+oo
2
— 5 —5

Gia trj cuc tiéu ctia ham s d3 cho bﬁng
A. 3. B. -5. C.0. D. 2.
Ciau4. (Mi 103 -2018) Cho hamsé y =ax* +bx*+c¢ (a, b, c € R) c¢6 d6 thi nhu hinh v& bén.
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Cau 6.

Cau 7.

Cau 8.

Cau 9.

Cau 10.

Cau 11.

Cau 12.

Cau 13.

Cau 14.

yH

@) X

S6 diém cuc tri ciia ham s6 da cho 1a
A.3 B. 0 C.1 D. 2
(M3 101 - 2020 Lan 1) Cho ham s6 /(x) lién tuc trén R va c6 bang xét dau ctia f(x)

nhu sau:

x ‘ —0 -1 0 1 2 +o0
f'(x) ‘ # 0 = 0 = || S
S6 diém cuc dai ciia ham sb da cho la
A. 4. B. 1. C.2. D. 3.
(Chuyén Vinh Phic 2019) Tim gia trj cuc tiéu y., ciia ham s6 y=—x’ +3x—4.
A. Yo =—6 B. y.,=-1 C. Yor=—-72 D. y., =1

¢6 bao nhiéu diém cuc tri?

.2
(M 104 - 2017) Ham sé y = 22>
x+1

A.l B. 3 C.0 D. 2
2
Cho ham s6 y =~ *13 - Ménh d& nao duéi diy ding?
X+
A. Cuyc tiéu clia ham sb bang -3 B. Cuyc tiéu cia ham s6 bang 1
C. Cyc tieu cua ham s6 bang —6 D. Cuc tiéu ctia ham so bang 2

(M3 110 - 2017) Tim gié trj thyc cia tham s m déham sé y = %f —mx” +(m* —4)x+3

dat cuc dai taix=3.

A m=-1 B. m=-7 C. m=5 D. m=1
(Chuyén Ha Long 2019) Tim m dé ham sb y = x* — 2mx* + mx + 1 dat cyc tiéu tai x =1
A.khongtontai m.  B.m=z1. C.m=1. D. me{1;2}.

(Chuyén Trin Phi Hai Phong 2019) Cho ham s y = f(x) xéc dinh trén tap s6 thuc R
3 r
va 06 dgo ham /" (x) = (x—sin.x)(x—m—3)(x—o—nr" | ¥xeR (m la tham s6). C6 bao

nhiéu gia tri nguyén ciia m déhamsb y=f (x) dat cuc tiéu tai x =07

A. 6 B. 7 C.5 D. 4
(Chuyén Quang Trung- Binh Phwoc 2019) Tat ca cac gia tri thye cia tham s6 m d¢é
5

\ A X mx4
ham so y = i

+ 2 dat cuc dai tai x =0 la:

A. meR. B. m<0. C. Khong ton tai m . D. m>0.

Biét ring ham s y = (x + a)3 +(x+ b)3 —x* ¢6 hai diém cyc tri. Ménh dé nao sau day la
ding?

A. ab<0. B. ab<0. C.ab>0. D. ab>0.

(THPT Hai Ba Trung - Hué - 2019) Tim tit ca cac gid tri cua tham sb thuc m dé ham
& y=mx’ —2mx”* +(m—2)x+1 khong co cyc tri
A. me(-0;6)U(0;+0).  B.me(-6,0). C.me[-60). D. me[-6;0].
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TRAC NGHIEM PUNG SAI
Caul. Cho ham s y= f(x) c6 bang bién thién nhu sau

x |—aoo 0 X +o0
v + 0 — 0] +
2
4
) —5
Khi d6:

a) Ham s6 dong bién trén khoang (-5;2)

b) Ham s6 co bdn diém cuc tri

¢) Ham s6 dat cuc tiéu tai x =2

d) Ham s6 mot cuc dai

Cau2. Chohamsé y=f(x) c6 bang bién thién nhu sau

x | —omo -2 2 +ax
V' + 0 - 0 +
+
1 / \ /'
— 0
Khi d6:

a) Ham s6 dong bién trén khoang (0; +00)

b) Ham s6 ¢ ba diém cuec tri

¢) Ham s6 ¢6 . =3 va ¥, =0.

d) Biém cyc tiéu cta dd thi ham s6 thudc dudng thang 2x+2y—4=0
Cau3. Chohamsd y=x’—6x*+9x, khi do:

a) Ham s6 nghich bién trén khoang (1; 3)

b) Ham s6 c6 2 diém cuc trj
¢) Gia tri cye tiéu cua ham so bang 3
d) biém cuc dai cua do thi ham so c6 tong hoanh d¢ va tung do bang 4

. 1 .
Cau4. Choham so y=§x3—mx2+(m+1)x—1 (m la tham so0). Khi do:

a) V6i m =—1 thi ham s6 dong bién trén khoang (0;+)
b) Véi m=-1 thi d6 thi ham s6 c6 mot diém cyc ticu 1a (0;2)
¢)Taco y =x>—2mx+m+1.
. . 1
d) Bé ham so y=§x3 —mx’ +(m+1)x—1 dat cuc dai tai x=-2 thi m =k, khi d6 phuong trinh
2% =4 conghiém 1a x =3
Cau5. Chohamsd y= (m—l)x4 —(m2 —2)x2 +2 (m 1a tham sd). Khi d¢:
a) Khi m =0 ham s6 ¢6 3 diém cuc tri
b) Khi m =1 do thi ham s6 ¢6 diém cuc ti€u 1a M (a;b), khi dé a+b=2

¢) V6i m =2 ham sb dat cuc dai tai x=—1.
d) Dé ham s dat cuc tiéu tai x =—1 thi m =k, khi d6 log, 8 =2

Cau6. Chohamsd y=(m—1)x'-2(m—3)x’+1(m la tham s6). Khi do:

a) Néu m =1 thi ham sb khong c6 cuc dai
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b) Néu m =2 thi ham s6 ¢6 1 diém cuc tri
¢) Néu m =0 thi diém cuc tiéu cta do thi ham sb 1a M (a;b) khi d6 ab =1

d) Bé ham s y=(m—l)x4—2(m—3)x2+1 khong c6 cuc dai thi me[a;b] khido a+b=3

Cau7. Chohamsd y=mx* Jr(m—l)x2 +1-2m (m 1a tham s). Khi do:

a) Khi m =0 ham s6 c6 mot diém cuec tri
b) Khi m =1 thi gia tri cyc tiéu cua ham so bang 0

¢) Khi m =% thi diém cuc dai cia do thi ham s6 1a M (a;b) khi d6 2024° +2023" =2

d) Pé ham sb y =mx* Jr(m—l)x2 +1-2m c6 mdt cuc trithi m e (—oo;a]u[b;+oo) khidd a+b=3

Cau8. Chohamsd f(x) codaoham f'(x)=x"(x+ 2)4 (x+4)3 [xz +2(m+3)x+6m+ 18]
(m la tham s6). Khi do:

a) Khi m = —2 thi ham sb f(x) c6 mot diém cuc tri

b) Khi m = -3 thi ham s f (x) c6 hai diém cuc tri

¢) Khi m =5 thi ham s6 f(x) c6 hai diém cuc tri

d) Tong tat ca cAc gi tri nguyén cia m dé ham s6 f (x) c6 ding mot diém cuyc tri bang 5

Cau9. Chohamsé y=f(x)=x"=3mx’>+27x+3m—2 (m la tham sd). Khi d¢:

a) Khi m =1 thi f(2024) < f(2023)

b) Khi m < -3 thi ham s ¢6 2 diém cuc tri
¢) Khi m >3 thi ham s6 ¢6 2 diém cuc tri
d) Goi S 1a tap cac gia tri dwong ctia tham s6 m sao cho ham s6 y =x* —3mx* +27x+3m—2 dat

J61

cyc tri tai x,,x, thoa man |xl —x2|35. Biét S=(a;b]. Khi @6 2b—a=T—3.
Céiu 10. Cho ham sb y=2x3+3(m—1)x2+6m(1—2m)x(m 13 tham sd). Khi do:

: | :
a) Khi ng thi ham so ¢6 hai diém cuc tri

. a A A Ks s Y LA A g1 ogeR . . 4
b) Véi m # 3 (phan s0 to1 gian) thi ham so co6 hai diém cuec tri, khi d6 a +b =4

¢) V6i m =2 thi ham sb nghich bién trén khoang (-3;2)
d) Biét duong thang di qua hai diém cuc trj ciia @6 thi ham s6 da cho song song dudng thang y = —4x

. . . . 2
, khi d6 tong tat ca cac gia tri thuc cua tham s6 m bang 3
TRA LOI NGAN , 7 ,
Cau 1. (THPT An Lao Hai Phong 2019) C6 bao nhiéu s0 thuc mdé ham so
y =%x3 — mx* +(m2 —m+1)x+1 dat cuc dai tai x=1.

Cau 2. Tim gia tri thyc cia tham sb m dé duong thfmg y= (2m —1)x+ m+3 song song voi duong
thang di qua cac diém cyec tri ctia @6 thi ham s6 y = x* —3x* +1

Cau 3. (Chuyén Bic Ninh - 2018) Tim tat ca cac gia tri thyc cua tham s6 m sao cho do thi ciia ham
s6 y=x*- 2(m+1)x* +m* co ba diém cyc tri tao thanh mot tam giac vudng can.

Ciu 4. (Lién truong Nghé An 2023) C6 bao nhiéu gia tri nguyén cia tham s m dé ham sb
y=3x*—4(4+m)x’ +12(3—m)x+2 c6 ba diém cuc trj?

Ciu 5. (Chuyén Bic Ninh 2019) Tim tip hop cac gid tri cia m dé ham s6
y= ‘3)64 —4x* —12x* +m— 1‘ ¢6 7 diém cuc tri

Cau 6. (Mai 104 - 2019) Cho ham s6 f(x) , bang bién thién ctia ham sb f'(x) nhu sau:
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T ] 0 1

Tim s6 diém cuc tri cia ham s6 y = f 4x + 4x

) _ GIA TRI LON NHAT VA GIA TRI NHO NHAT CUA HAM SO
PHAN A. LY THUYET
1. PINH NGHIA
Cho ham s0 y = f(x) xac dinh tréntap D.
-S6 M duogc goi la gi tri 16n nhat cia ham sé y = f(x) trén tdp D néu f(x) <M véimoi xe D
vaton tai x, € D saocho f(x,)=M.
Kihi¢u M = max f(x) hoac M = max f(x).

- S6 m dugc goi la gia tri nho nhét ciia ham sé y = f(x) trén tdp D néu f(x)=m véimoi x € D
va ton tai x, € D sao cho f(x,)=m.
Ki hi¢u m = mig f(x) hodac m= mDin f(x).
Chuy
- Ta quy udc rang khi ndi gia tri 16n nhat va gia tri nho nhat cia ham s6 f(x) (ma khong néi "trén
tap D ") thi ta hiéu d6 1a gia tri 1on nhat hay gia tri nho nhat ciia f(x) trén tap xac dinh ctia ham sb.
- Pé tim gia tri on nhit va gia tri nho nhit ciia ham s trén tap D, ta thuong 1ap bang bién thién
cua ham so trén ‘gép D q‘é két lu,afln. ] ) . ) . ) . . )

2. CACH TIM GIA TRI LON NHAT VA GIA TRI NHO NHAT CUA HAM SO

TREN MOT POAN
Gia st y = f(x) la ham s0 lién tuc trén [a;b] va c6 dao ham trén (a;b), co6 thé trir ra tai mdt so hitu
han diém ma tai d6 ham sé khong c6 dao ham. Gia st chi ¢6 hiru han diém trong doan [a;b] ma dao
ham f'(x) bang 0.
Céc budc tim gia tri 16n nhat va gia tri nho nhat cta ham sb f(x) trén doan [a;b] :
1. Tim cac diém X, Xy,...,X, €(a;b), tai do f(x) béng 0 hodc khong ton tai.
2. Tinh f(x,), f(x,)s.... f(x,), f(a) va f(D).
3. Tim s6 16n nhat M va sé nho nhit m trong cac sb trén. Ta c6:
M= max S(x)ym= 1[11%1 S ().
PHAN B. BAI TAP ’ ‘

TRAC NGHIEM NHIEU LUA CHON

Caul. Chohamsd y= £ (x) lién tuc trén doan [-1;1] va co dd thi nhu hinh v&.
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Goi M va m lan luot 1a gia tri 16n nhét va nho nhat ciia ham sé da cho trén doan [-1;1]. Gia tri cua

M —m bang
A. 0. B. 1. C.2. D. 3.
Céu 2. Cho ham s y = £ (x) lién tuc trén [-3;2] va c6 bang bién thién nhu sau. Goi M,m lan luot

1a gid trj 16n nhat va gid tri nho nhat ciia ham s6 y = f(x) trén doan [-1;2]. Tinh M +m.

X -3 -1 0 1 2
3 2
f(x) P / \ 0/ \1
A. 3. B.2. C.1. D. 4.
Céu 3. (Chuyén Luong Thé Vinh Pong Nai 2019) Cho ham s6 y = £ (x) x4c dinh va lién tyc trén

R ¢6 dd thi nhu hinh v& bén. Tim gi4 tri nho nhat m va gia tri 16n nhat M cia ham s6 y = f (x)
trén doan [-2;2].

A. m=-5;M=-1. B. m=-2;M=2. C. m=-1;M=0. D. m=-5;M=0

Ciu4. (Chuyén Nguyén TAt Thanh Yén Bai 2019) Cho ham s6 y = f(x) lién tuc va c6 bang
bién thién trén doan [-1;3] nhu hinh v& bén. Khing dinh nao sau day ditng?

x -1

2 3
- 0 -

A. max f(x) = £(0).B. r[{lg>]<f(x)=f(3). C. r{{lﬁl})}(f(x)zf(Z). D. r[r}il;](f(x)zf(—l).

Cau5. (VTED 2019) Cho ham s £ (x) lién tyc trén [-1;5] va c6 d thi trén doan [-1;5] nhu
hinh v& bén duéi. Tong gi4 tri 16n nhat va gi4 tri nho nhat ciia ham s6 f(x) trén doan
[-1;5] bing

0
g 0

4 +

wn

4

A. -1 B. 4 D. 2
Cau 6. (THPT Yén My Hung Yén 2019) Cho ham sé y = f (x) xdc dinh, lién tyc trén {—l,%}

va c6 do thi 1a dudng cong nhu hinh v&.
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24

yr
Ménh d& nao sau day ding
A. ?}ﬁﬁf(x)zf(O) B. %)ilz)f(x)zf(l) C. (Ej.ifﬁ)f(x)zf(‘l) D. (Eig)f(x)zf(O)
Cau8. (Chuyén Bic Ninh 2018) Tim tap gid tri ciia ham s6 y =vx—1+~+/9—x
A. T=[1;9]. B.T:[zﬁ;ﬂ. C.T=(19). D.T:[o; 2\/5].

Céu 9. (THPT Ha Huy T4p - 2018) Gi4 tri 16n nhét ciia ham s6 y =2cosx——cos’x trén [0;7].
22 D. max y=0.

Gié tri 16n nhat M va gié tri nhé nhit m cia ham s6 £ (x) trén {—1,—} la:
7 7
A M=4m=1 B. M =4,m=-1 C.M=5, =-1 D.M:E,mzl
Cau7. (THPT Ngé Si Lién Bic Giang 2019) Cho ham s6 y = f(x) c6 bang xét du dao ham
nhu sau:
T |—oo -1 0 1 +00
T

2 10
A. maxy=—. B. max y=—. C. maxy=——.
[0:7] 7 3 ) [0:7] ‘y 3 [0:7] 4 3 0] )
Cau 10. (Chuyén Lwong Thé Vinh Pong Nai 2019) Goi m la giad tri nho nhat cua ham so
4
¥y =Xx+— trén khoang (0;+o). Tim m
A.m=4. B. m=2. C. m=1. D. m=3.
Cau 11. (M3 123 2017) Cho ham s6 y = “_’11 (m 1a tham s thyc) théa man miny =3. Ménh
dé nao duéi day ding?
A.m>4 B.3<m<4 C.m<-1 D.1<m<3
Ciu 12. (THPT Lé Vin Thinh Bic Ninh 2019) Cho ham s6 y = im (m 1a tham sb thuc)
X
thoa min miny = 3. Ménh d& nao dudi dy dung?
0;1
A.1<m<3 B. m>6 C.m<1 D.3<m<6
X+m
x+1

Ciu 13. (Chuyén KHTN 2019) Tong gia tri 1on nhét va gia tri nho nhét ciia ham sd y =
trén [1;2] bang 8 (m la tham s thyc). Khang dinh nao sau day dung?

A. m>10. B. 8<m<10. C.0<m<4. D. 4<m<8.

Cau 14. Chohamso y = f(x) c6 dao ham trén R vahamso y = f'(x) c6 do thi nhu hinh v&. Trén

[-2;4], goi x, 12 diém ma tai d6 ham s6 g(x) = f(gﬂj —In(x” +8x+16) dat gid tri 16n nhét. Khi

do x, thudc khoang nao?
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A. l;2 . B. 2;2 . C. —l;—l . D. —l;l .
2 2 2 2
Cau 15. (THPT Anh Son - Ngh¢ An - 2020) Cho ham s6 y = /(x) c6 dao ham cap hai trén R .
Biét f7(0)=3, f'(2)=-2020, lim f’(x)=—o0 vabangxétdaucua f”(x) nhu hinh sau:

x I —0 0 2 40
£'(x) | ¥ 0 -0 ¥
Ham sb y=f (x + 2019) +2020x dat gia tri nhd nhét tai diém x, thudc khodng nao sau day?
A. (—0;-2019). B. (0;2). C. (-2019;0). D. (2019;+).
TRAC NGHIEM DPUNG SAI
Caul. Chohamsby=f (x) xac dinh, lién tuc trén R va co bang bién thién:
X [ —oo 0 1 +o0
»' =+ I - 0 +
7-f-OO
-0 \ /
y / =3
—o0

Khi do:
a) Ham s6 co gia tri cuc tiéu bang 1.
b) Ham s6 ¢6 gia tri 16n nhét bang 0 va gia tri nho nhét bang —1.
¢) Ham sé dat cuc dai tai x =0 va dat cuc tidutai x=1.
d) Ham sb ¢co dtng mét cuc tri.
Cau2. Xéthamsd y= f(x)véi xe [—1;5]0(’) bang bién thién nhu sau:
x ‘ -1 0 2 s

' + 0 - 0 +
v 4 +
4 3 / \ 0 /
Khi do:
a. Ham s6 d3 cho khong tdn tai GTLN trén doan[—l; 5]
b) Ham s6 da cho dat GTNN tai x=-1va x=2 trén doan[-1;5]

= s}

¢) Ham s6 da cho dong bién trén khoang (2;5)
d) Ham sb di cho dat GTNN tai x =0 trén doan [—l; 5]
Cau3. Chohamsd y=f (x) lién tuc trén R, co bang bién thién nhu hinh sau:

T — e -1 1 2 + o0
o

. q\_;/z\.x
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Cau 6.

Khi do: i

a) Ham so c6 hai di€m cuc tri.

b) Ham so co gia tri 1on nhat bang 2 va gia tri nho nhat bang -3 .

¢) Ham sé dat cuc dai tai x=2

d) Ham sb nghich bién trén mdi khoang (—o05—1), (2;+).

Cho ham s6 f'(x) = —x* +12x* +1, khi do:

a) Ham s6 dong bién trén khoang (1;37)

b) Ham sb ¢ 3 diém cuc tri

¢) Gi4 tri nho nhat cia ham sé f(x)=—x*+12x” +1 trén doan [-1;2]bang: 12

d) Gi4 trj 16n nhat ciia ham s6 f(x)=—x"*+12x" +1 trén doan [-1;2]bang: 33
Cho hamsb f (x)=x"—24x, khi dé:

a) Ham s6 nghich bién trén khoang (—oo; O)

b) Do thi ham s c6 diém cyc ticu la 4(16;-2048)

¢) Gia tri 16n nhét ciia ham s§ f (x) =x’ —24x trén doan [2; 19] bang 6403
d) Gia tri nho nhat cta ham s f (x) = x> —24x trén doan [2;19] béng —40.
Cho hamsé f(x)=x"—10x* —4. Khi do

a) Ham sd nghich bién trén khoang (O; 6)

b) Ham s0 ¢6 3 diém cuc tri

¢) Gié trj 16n nhét ciia ham s f(x)=x" —10x" —4 trén [0;9] bing—4.

d) Gid tri nh6 nhat cia ham s6 f'(x)=x*—10x” —4 trén [0;9] bang—29.
Cho ham s f(x), d6 thi ham sé y = f'(x) la duong cong trong hinh bén.

a) Ham s6 f'(x) dong bién trén khoang (1;+00) va (—o0;—2)

b) Ham sé f(x) c6 2 diém cuec tri
¢) Him s g(x)= f(%} nghich bién trén khoang (—5;—4)
d) Gi4 tri nho nhét cia ham s6 g(x)= f [%) trén doan[-5;3] bang f(-2)

Cho ham s6 y = f (x) ¢6 bang bién thién nhu hinh duéi day.

a) Him s6 y = f(x) ¢6 2 diém cuyc tri
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Cau 9.

Cau 10.

Caul.

Cau 2.

Cau 3.

Cau 5.

b) Him s6 y = f(x) dong bién trén khoang (—3;5)
¢) Gia tri 16n nhét ctia ham s6 y = f(x) trén doan [1;3] bing f(l)
d) Gia tri 16n nhat ciia ham s6 g (x)= f(4x—x2)+%x3 -3x +8x+% trén doan [1;3] bang

12
Cho ham s6 y= f(x) c6 dao ham lién tuc trén R va f(0)>—1. Do thi cua ham s
y = f'(x) nhu hinh v&.

AL

el 0
a) Ham s6 y = f(x) ddng bién trén khoang (O;l)

b) Him s6 y = f(x) c6 2 diém cyc tri
3
¢) Ham sb y:f(x)—x?+x2—x+2 ¢ 3 diém cyc tri

3
d) Ham s6 y= f(x)—x?+x2—x+2 c6 gia tri nho nhit 1a m e (0;1) khi va chi khi

4 1
—3< f(2)< 3
Cho ham s§ y = f(x)zx3 —3x+m (tham s thuc m ). Khi d6:

a) Khi m =0 thi ham s6 dong bién trén khodng (-1;1)
b) Khi m =0 thi ham s6 ¢6 2 diém cuc tri
¢) Ham s6 ¢6 gia tri nho nhat trén doan [0; 2] bang m—2
d) Goi S 1a tap hop tat ca céc gia tri cia tham s6 thuc m sao cho gia tri 16n nhét ctia ham sd
y:|f(x)| trén doan [O; 2] bang 3. S6 phan tir ciia S 1a 1

~ TRA LOINGAN , 7 ,
(THPT Hai Ba Trung - Hué 2019) Tim gia tri ciia tham so thyc m dé€ gia tri nhd nhat cta
2x+m

x+1
Traloi: ......................
(Chuyén - Vinh Phuc 2019) Tim tat ca cac gia tri cia tham s6 m dé gia tri nho nhit cta
ham s y=—x’-3x" +m trén doan [~1;1] bang 0.

ham s y = trén doan [0;4] bang 3.

Traloi: ....................

(THCS - THPT Nguyén Khuyén 2019) Néu ham sé y = x+m++/1-x> ¢6 gié tri 16n
nhat bang 2\/2 thi gidtricua m la

Traloi: .................... i

Biet S la tap gia tri cia m dé tong gia tri 16n nhat va gia tri nhd nhat cia ham so
y=x*—m’x’-2x* —m trén doan [0;1] bang —16. Tinh tich cac phén tit ciia .

Traloi: ....................

(Chuyén Ha Long - Quing Ninh - 20200 Cho ham soO
yzf(x)zmz(\/2+x+ 2—x)+4 4—x" +m+1. Tinh tong tat ca cic gia tri cia m dé

ham sb y = f(x) co6 gié tri nho nhit bang 4 .

T6 Toan — Tin — Truong THPT Lé Hong Phong 23



TAI LIEU ON TAP TOT NGHIEP THPT NAM 2024 - 2025
Traloi: ...,
Cau6. Cho ham sb y=/(x) lien tuc trén R sao cho r[na)](f(x)=3. Xét ham s
-1;2

g(x) =f(3x—1)+m . Tim tat ca cac gia tri cia tham s6 m dé r%?ﬁ(g(x) =-10.

Traloi: ....................
Cau7. Cho ham s6 y=f(x) lién tuc trén R sao cho max f(x)=/(2)=4. Xét ham s6
_ 2 13
g(x)=f (¥ +x)—x*+2x+m. Gid trj cia tham s6 m dé )Iclel[oaé(]g(x)—S 1a
Traloi: ......................
) , ] TIEM CAN
PHAN A. LY THUYET

1. PUONG TIEM CAN NGANG
Puong thing y = Y, goi la dudng tiém cén ngang (goi tat 1a tiém can ngang) ctia do thi ham s6

y=/(x) néu lim f(x)=y, hodc lim f(x)=y,.

y vt -
“
Y, Y=y,
S Y, Y=,
2 X
v f(
(@] X O X
BPuong thdng y = y, la tiém can ngang Duwong thang y = y, la tiém can ngang
ctia db thi (khi x — +o ctia db thi (khi x — —x).

2. PUONG TIEM CAN })UNG
Puong thang x = X, goi la duong tiém cén dung (goi tat 1a tiém can ding) ctia do thi ham s6

y = f(x) néu it nhat mot trong cac didu kién sau duoc thod mén:
lim f(x) = +o0; lim f(x) = —o0; hm f(x)=—x; hm f(x)=+o0.

X=X, 0 X=Xy
y | ¥ \
=
= =
S 2
° | =
IV x
x == \
o X x o X, X
a) b)
y ¥
[9 X, X o %o &
~ @
=10 \ <[ f Y=
\\ < /
)
x
\ \
c) d)
a) va ¢). Buong thing x = x, a tiém cén ding b) va d). Buong thing x = x, Ia tiém can ding
ctia db thi (khi x — x;). caa db thj (khi x — x;)

3. PUONG TIEM CAN XIEN
Puong thang y = ax+b(a #0) goi la duong tiém can xién (goi tat la tiém can xién) cua do thi ham
s6 y = f(x) néu lim[ f(x)— (ax +b)] = 0 hoic lim [ f(x) - (ax+b)] =

////"”7‘@)
= o I X
Puong thang y = ax + b la tiém can xién Puong thdng y = ax + b la tiém can xién
cuia db thi (khi x — +x). caia db thi (khi x — —x).
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Chu y. Ta biét rang néu dudng thing y = ax+b(a # 0) 1a tiém can xién ctia d6 thi ham s y = f(x)
thi lim [ f(x) - (ax+b)]=0 hoac lim [ f(x)—(ax+5)]=0.

Do do 1im[f(x)—(ax+b)]~l =0 hoac 1im[f(x)—(ax+b)]~l =0.
X—>+0 x X—>—00 X
Tur day suy ra a = lim EAC)) hodac a = lim &
X—>+00 X X—>—00 X

Khi d6, ta cé b= lim[ f(x)-ax] hodc b= lim[f(x)—ax].

Nguoc lai, voi @ va b xac dinh nhu trén, duong thing y = ax+b(a # 0) 1a mot tiém can xién cta
dd thi ham sb v = f(x). Pidc biét, néu a =0 thi dd thi ham sb c6 tiém cén ngang.

PHAN B. BAI TAP , ‘
‘ TRAC NGHIEM NHIEU LUA CHON v
Ciul. (Pé Minh Hoa 2017) Cho ham s6 y=f(x) ¢6 lim f(x)=1valim f(x)=-1. Khing

dinh nao sau day 1 khang dinh dung?

A. D6 thi ham s6 da cho c6 hai tiém can ngang 13 cac dudng thang x=1 va x=—1.
B. D thi ham s6 da cho khong c6 ti€ém can ngang.

C. D6 thi ham s6 di cho c6 dung mdt tiém can ngang.

D. D) thi ham s6 d4 cho c6 hai tiém can ngang 1a cac duong thang y =1 va y=—1.

5 s ) . x=2
Cau 2. (Pé Tham Khao 2020 Lan 2) Ti€ém can ngang ctiia do thi ham s6 y = 1 la
X+
A y=-2. B. y=1. C. x=-1. D. x=2.
Cau3. (Mi 101 -2020 Lan 1) Tiém can ngang cia do thi ham s6 y = 4x +11 1a
x_
A.y:%. B. y=4. C.y=1. D. y=-1.
A ~ P A A T S £ Sx+1
Caud. (Ma102-2020 Lan 1) Tiém cén ngang cua d6 thi ham so y = 0 la
x_
A. y=1. B.yz%. C.y=-1. D. y=5.
A ~ A A a , X s z 2x+1 ..
Caus5. (Ma103-2020 Lan 1) Tiém cén ngang cua d6 thi ham so y = " la:
x_
A.yzé. B. y=-1. C. y=1. D. y=2.
Cau6.  (Mai 103 -2019) Cho ham sé y = f(x)c6 bang bién thién nhu sau:
x —on 0 3 Lo
' —_ — 0 -2
1 2 3
3 \ \
i -3 /

Téng s tiém can dung va tiém can ngang ciia d6 thi ham s6 di cho la:
A. 2. B. 3. C.4. D. 1.
Cau7.  (Mi 102 -2019) Cho ham sé f(x) c6 bang bién thién nhu sau

x —0 0 1 +m

r

:-L' -y

0
y 0 2 +a0
\ . \_2 /
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Cau 8.

Cau 10.

Cau 11.

Cau 12.

Cau 1.

Cau 2.

Tong s0 ti€ém can ding va tiém cén ngang cua do thi ham so da cho la

A. 1. ) B. 2. C. 4. D. 3.
Ham s6 nao sau day c6 mot tiém can:
x+3 X +3x-2 4 2x
A y= B.y=T""% ¢ -t D.y= 2
Y 2x—1 Y x+3 Y x—1 Y x+1

Cho ham s6 y=2x—1+ % (C). Khoang cach tir M (2;—1) dén tiém cén xién cta do thi
X+

(C) la:
A 2 4

NG ERN

Vi gid tri nao cia m thi tiém cén xién cua do thi ham s6 y=x+m+

C.2 D. 4

di qua diém

m—x
M(1;2).

A m=1 B. m=0 C.m=2 D. Mot dép an
khac.

Cho ham s y = 2!
x+1

6 dd thila (C), M, (xy;¥,) € (C). Gid tri nhd nhét cuia tong khoang

cach tr M, dén hai dudng ti¢ém can cua do thi ham so la:

A. 2. B. 4. C. 1. ) D. 0. )
(S6 Vinh Phuc 2022) C6 bao nhiéu gia tri cua tham s6 m d¢ d6 thi ham so
x—1
= c6 dang hai duong tiém can?
7 X —(2m+1)x+m’ -3 8 8 Hem e
A. 1. B. 2. C. 3. D. 0.
= P Id

TRAC NGHIEM DUNG SAI

Cho d6 thi ham s6 y = f (x) nhu hinh bén.

4

Céac ménh dé sau dung hay sai?

a) Do thi ham sb ¢6 tiém can dung x=0, tiém can ngang y=1.
b) Ham sb ¢0 hai cuc tri.

c) Do thi ham s6 chi c6 mot duong tiém can.

d) Ham s6 nghich bién trong khoang (-00;0) va (0;+ ).

Cho ham sb y= f( b ) ¢6 bang bién nhu sau:

X —o0 -3 3 +oo |

¥ 3 4 +

\
\
\

Céc ménh dé sau dung hay sai?
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Cau 3.

Cau 6.

Caul.

a) P thi ham s6 nhan dudng thang y = 0 1a tiém cén ngang.
b) D?) thi ham s6 nhan duéqg thfmg x= —31a tiém cén dang.
¢) S6 duong tiém cén cua do thi ham so 1a 4.
d) Ham s6 dong bién trong khoang (—o0;+ o)
Xt —=2x+2
x+2
Cac ménh dé sau dung hay sai?
a) Ham so ﬂcé hai tiém can.
b) Giao diém cua hai tiém can la 7(-2;-6).
¢) Khoang cach tir O dén tié;m can xién bang 42
d) Tiém can xién cta ham so di qua diém M (0;—4).

Cho ham sé y =

mx* +(3-m)x+m* =2

Goi (C) 1a 6 thi cia ham s6 y = ,m la tham s6. Khi (C)cé tiém

x—1
can xién, goi duong tiém can xién nay la (d ) . Cac ménh d¢ sau dung hay sai?

a) Khi m=2 thi (d) c6 phuong trinh la y =2x+3

b) Khi m=1 thi (d) di qua diém A(1;4).

¢) C6 1 duong théng (d ) tao vai hai truc toa dd mdét tam giac c¢6 dién tich b?mg 6.
d) Khi m = +/3 thi khoang cach tir gbc toa do O dén (d) béng V3.

x—1

Cho ham sé y = , m 1a tham s6. Cac ménh dé sau dung hay sai?

X' —8x+m
a) Po thi ham s6 ¢6 1 duong tiém can ngang

b) Khi m <16 thi dd thi ham s c6 3 duong tiém can

¢) Khi m =16 thi d6 thi ham s6 c6 2 duong tiém cin dung

d) C6 14 gia tri nguyén duong ctia m dé dd thi ham sb c6 3 duong tiém can

3% _21 ¢6 d6 thi 1a (C). Cac ménh dé sau diing hay sai?

Cho ham s y =

a) Chico 2 diém nam ‘grén (C) cach déu hai truc toa do )

b) Chi c6 2 diem M nam trén (C), sao cho tong khoang cach tir M dén hai truc toa dd nhéd
nhat.

¢) Tim dugc hai diém 4, B nam vé hai nhanh cua (C) sao cho 4B nho nhat, khi d6 tong
hoanh d6 cua hai diém 4, B bang 4

d) C6 4 diém M thudc (C) sao cho khoang cach tir M dén dudng thang A:3x—4y+1=0

. 12
bang —.
g 5 > by =
TRA LOI NGAN

(Chuyén Bic Giang - 2021) S6 duong tiém can dimg va tiém can ngang cua do thi ham

2 Vax® —1+3x> +2

SO y= 5 la?
X —x

mx’ +(3m+1)x—m+2

Tim tham s6 m dé do thi ham sé y = . c6 tiém can xién la (d) va
X+
(d ) tiép xtic véi dudng tron tam 1 (1; 2) , ban kinh bang V2.

Traloi:........................
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Cau 3.

(THPT Nguyén Viét Xuan - 2020) Cho ham s6 y =

x=3
x* = 3mx? +(2m2 +1)x—m

. Co bao

nhiéu gi tri nguyén ctia tham sé m thudc doan [—2020; 2020] dé 6 thi ham s6 c6 4 duong

tiém can?

Cau4. Cho duongcong (C,): y= —%x+3+ 2 1 va duong thing (d,,): y=mx-m+2. Tim
mx —
gid tri clia tham s m dé (C,,) c6 diém cuc dai, cuc tiéu va tiém cin xién clia né tao véi
dudng thang (d,,) mot goc 45°.
Traloi:........................
Cau5. (Chuyén Vinh Phic - 2020) Cho ham s y=/(x) théa man lim f(x)=-1 va
. . . 1
lim f(x)=m.Cé bao nhiéu gia tri thyc cua tham so m d€ hamso y =———— c6 duy
X—>+00 f (x) + 2
nhét mot tiém can ngang.
Traloi: ...
Cau6. (THPT Quynh Luu 3 Nghé An 2019) Cho ham s6 y = f(x) x4c dinh, lién tyc trén R
va ¢ bang bién thién nhu hinh bén dudi:
x| —eo 1 2 400
3 400
, . ) . 1
Tong s0 ti€ém can ngang va tiém can ding cua do thi ham s y = ——————1a?
2f (x) -1
‘ ~ KHAO SAT SU BIEN THIEN VA VE PO THI HAM SO
PHAN A. LY THUYET

1. So dd khio sat ham s6
So d6 khao sat ham so y = f(x):

Cac buwoc khao sat ham da thac

Ciac buéc khao sat ham hiru ty

&5 Tap xac dinh

& Timy’ & su bién thién, cuc tri

& Gidihan lim y =..; lim y

X—>—0 X—>+0

& Bang bién thién

&5 Gia trj dic biét ( c¢6 toa dd diém udn khi
khao sat ham s6 bac 3 dé chinh xac héa dd thi)

& Db thi

&5 Téap xac dinh

& Timy’ & su bién thién, cuc tri

&5 Gidi han & tiém can ( ding + ngang;
dtng + xién)

& Bang bién thién

& Gia tri dic biét ( giao diém véi Ox, Oy,
diém cuc tri..)

& D) thi

Chii y. Khi v& d6 thi, nén xac dinh thém mot sé diém dic biét ciia do thi, chang han tim giao diém
cua do thi voi céc truc toa do (khi co va vige tim khong qua phurc tap). Ngoai ra, can luu y dén tinh

d6i xtg cuia d6 thi (d6i xtng tam, d6i xtng tryc).
2. Céc dang do6 thi ham so:

@ Ham sb bac 3: y = ax® + bx? + cx + d (a # 0) ( chi néu 4/6 dang dd thi)

y

-

y y

I

B

X

y
2 §)
a>0

a<0

I o

’ Dang 1: ham s6 o2 cuctri < ?

a>0

\ X
a<o0

‘ Dang 2: ham $O khong c6 cuc tri ‘
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@ Ham s6 triung phwong: y = ax* + bx? + ¢ (a 2 0)

y

W

\/o

a>0

y

/ [eX

a<0

—

a<o0

Dang 1: ham s6 ¢6 3 cuc trj < ? Dang 2: ham s6 ¢6 1 cuc tri < ? ‘

o Ham s6 nhit bién : y = 2 (ad — be #0)
cx +d
y
N L
I 1
O / X O \ X
‘ Dang 1: hsd dong bién ‘ Dang 2: hsd nghich bién ‘
ax+b

Chi y. Do thi ciia ham s6 phan thic y = (c#0,ad —bc#0) :

cx+
- Nhan giao diém cua tiém cén ding va ti€ém cén ngang lam tam doi xung;
- Nhan hai dudong phan giac cua cac goc tao boi hai dudong tiém can nay lam cac truc doi xing.
2

N ax“+bx+c . o
< Ham so hiru ty (2/1) : y = (tir, mau khong c6 nghiém chung, ... )
px+q
y y y ) Y
o x 0 /\X 0 X

‘ Dang 1: ham s6 c6 cuc tri ‘ ‘ Dang 2: ham s6 khong ¢6 cuc tri

ax* +bx+c

px+q

Chii y. D6 thi ciia ham s6 phén thic y = (a#0,p#0,da thirc tir khong chia hét cho da
thirc mau):
- Nhan giao diém cua tiém can ding va ti€ém cén xién lam tam ddi xung;
- Nhén hai dudng phén gidc cua cac goc tao boi hai dudong tiém can nay lam cac truc dbi xtmg.
PHAN B. BAI TAP ’ ‘

TRAC NGHIEM NHIEU LUA CHON
(P& Tham Khio 2020 Lin 2) D6 thi cia ham s6 nao dudi ddy c6 dang nhu duong cong
trong hinh bén?

Caul.

Y

/
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A. y=x -3x. B. y=—x +3x. C.y=x"-3x"+1. D.y=-x+3x".
Cau2. (Mi 103 - 2020 Lan 1) Cho ham s bac ba y = f(x) ¢6 d6 thi 1a dudng cong trong hinh
bén. SO nghiém thyc ctia phuong trinh £ (x) =1 la

A Y
2 = —
|
|
|
_1] 1 _
. o1 T
1
L 1-2
A. 1. B. 0. C. 2. D. 3.
Ciu3. (béMinh Hoa 2017) Buong cong trong hinh bén la do thi cua mot ham s6 trong bén ham

SO
dugc liét ké & bén phuong an 4, B, C, D dudi day. Hoi ham s6 d6 1a ham s6 nao?

Yy

\
0 \/ x

A y=x"-3x+1 B. y=—x"+3x+1
C.y=x"-x"+1 D. y=-x"+x-1

Ciau4. (THPT Yén Phong 1 Bic Ninh 2019) Hinh v& sau déy 1a d6 thi cia mot trong bon ham
s0 cho ¢ cac dap an A4, B,C,D . Hoi d6 1a ham s0 nao?

Ay

12

1

A y=x"+2x+1. B. y=x'-2x*+1. C.y=x"—2x+1. D.
y=—x +2x+1.
Cau5. (M4 102 - 2022) Ham s6 ndo dudi ddy cé bang bién thién nhu sau?
X —o0 -1 1 400

U

y - 0 - 0 +

A. y=—x+3x. B. y=x"-3x. C. y=—x"+2x. D. y=x"-2x.
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Cau 6.

Cau 10.

Cau 11.

(M3 103 - 2022) Ham s6 nao dudi day c6 bang bién thién nhu sau

@ —ao -1 1 + 00

y' s

+ oo 2
y \ / \
-2 N

A y=x"-3x. B. y=—x"+3x. C.y=x"-2x. D. y=—x"+2x.
(M3 102 - 2020 Lan 1) Cho ham s6 bac ba y = f(x) ¢6 dd thi la dudng cong trong hinh

bén. S6 nghiém thyc clia phuong trinh £ (x) =1 la

1 %
-1

A. 0. B.3. C. L D. 2.
(M3 101 2018) Cho ham s6 f'(x)=ax’ +bx* +cx+d (a,b,c,d € R). Do thi cia ham sb

y = f(x) nhu hinh v& bén. 86 nghiém thyc ctia phuong trinh 3/ (x)+4=0 la

by

M,

A. 2 B. 0 C. 1 D. 3
(M3 103 - 2020 Léan 1) S6 giao diém ciia do thi ham s6 y = x> +x* va dd thi ham s6

y=x"+5x

A. 3. B.O0. C. 1. D. 2.

(P& Minh Hoa 2017) Biét rang duong thiang y =—2x+2 cit d6 thi ham sd y=x"+x+2
tai diém duy nhat; ki hiéu (xo; yo) 1a toa d6 cua diém do. Tim Yo

A. y,=4 B. y,=0 C.y,=2 D. y,=-1

(P& Tham Khio 2017) Ham s6 y = (x—2)(x*~1) ¢6 d6 thi nhu hinh v& bén. Hinh nao

dudi day la d6 thi ciia ham s6 y = |x 2|(x —1

A/

hinh4

A. Hinh 1 B. Hinh 2 C.Hinh 3 D. Hinh 4
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Cau 12. (THPT Viét DPirc Ha Ni 2019) Cho ham s6 y = f(x) c6 do thi ham s6 y = £ (|x]) nhu

hinh vé.

Chon két luan dang trong céc két luan sau:
A. f(x)z—x3+x2+4x—4 B. f(x)=x3—x2—4x+4
C. f(x)=—x3—x2+4x—4 D. f(x):x3+x2—4x—4.

Cau 13. Biét phuong trinh ax® + bx* + cx+d =0 (a # 0) c6 dung hai nghiém thyc. Hoi d6 thi ham

sO y= |ax3 +bxX> +ex+d | ¢6 bao nhiéu diém cuc tri?

A. 4. B. 5. - C.2 D.3. o
Cau 14. (Cum Lién Trwdomg Hai Phong 2019) Tim tat ca cac gia tri thuc cia tham s6 m de do thi

ham sé y=x’—3x"+2 (C)cat duong thang d:y=m(x—1)tai ba diém phan biét

xl 5 )C2 B x3 .

A. m>-—2, B.m=-2. C. m>-3. D. m=-3.
Ciau 15. (Sé Binh Thuén 2023) Cho ham s bac ba y = f(x) c¢6 d6 thi nhu hinh v&.

C6 bao nhiéu gia tri nguyén cua tham sé m dé phuong trinh f (—x2 +4x+ m)+3 =0 co

dung ba nghiém x €[0;+o0)
A.5. B. 6. C.3. D. 4
Cau 16. (S& Ninh Binh) Cho ham sb bac ba y = f(x) c6 dd thi nhu hinh v&.

AN

C6 tit ca bao nhiéu gid tri nguyén cua tham sé6 m d& phuong trinh
f(2|sin x|) = f(m2 +6m +10) c6 nghi¢m?
A2 B. 3. C. 4. i D.1.
Cau 17. (Peé Tham Khao 2019) Buong con trong hinh v€ bén 1a d6 thi cua ham s6 nao dudi
day?

T
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A y=22T! B. =2t C.y=2x+x'+1  D.
x—1 x—1
_ x> =3x-1
B x‘_ 2 N Ie
Cau 18. (Peé Tham Khao 2017) Cho duong cong hinh v€ bén 1a d6 thi cia mdt ham so trong

bdn ham sb duoc liét ké & bdn phuong an A, B, C, D dudi ddy. Hoi d6 1a ham sé nao?

2x+1 2x+3 2x—1 2x-2
A y=22 B. y=-2 c.y==% p. y=21
x—1 x+l1 ) x+1 x—1
Cau 19. Duong cong trong hinh 1a do thi ciia ham s6 nao dudi day?
—x? 2x+1 2_
A y= x+1. B. y= X . C.yzx—erl. D. y=x-3x".
X 2x+2 x—1
, . . 1 .
Cau 20. Goi M, N la giao diém cua d6 thi ham s6 y = X va duong thang d:y=x+2.
x_
Hoanh 36 trung diém I cua doan MN la
A. —é. B. —l. C. 1. D.l.
2 2 2
\ . -1 .
Cau 21. Do thi cia ham s6 y = x_l cat hai truc Ox va Oy tai A va B .Khi dé dién tich tam
X+
giac O4B (O 1a gbc toa d6 bang)
A. 1. B.l. C.2. D.l.
4 2
> 2 2 I4 xz _x_l
Cau 22. Puong thang y =2x—1 c6 bao nhiéu diém chung vi do thi cua ham so y = 1
X+
?
A. 2. B. 3. C. 1. D. 0.
A \ £ CAxHd . Y A aA s ,
Cau 23. Cho ham s6 y = 1 c6 do thi la (C). C6 bao nhiéu diém trén do thi (C) cua
X+
ham sd ¢6 toa do 1a cac s6 nguyén. Chon céu tra 10i dung.
A. 2. B. 4. C.o. D. 0.
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Cau 24.

. £ 2x*—mx+2m ., . A iR N A
Cho ham s6 y = ——— . Tim hoanh d¢ cta diém cuc dai, biét tiém can xién

x—1

qua diém (=3;3). Chon cau tra 15i dung.

Cau 25.

Caul.

B B 72

A x=1-22, B. x=1+-=. C.x=-1-22, D. x=2-2.
2 2 2
Cho ham s y=ax+b—£(abr¢0) va ¢6 d6 thi 1a (C) c6 dang nhu hinh v& sau.
X

\/

il

/|

Céac hé sO a,b,r phai thoa man diéu kién nao dudi day.

a>0 a>0 a<0 a>0

A. {b<0 B. {6>0 C.{b>0 D.{b>0

r>0 r<0 r>0 r>0
TRAC NGHIEM PUNG SAI

Cho ham s6 y =x* +2x* —x—5 ¢6 do thi 1a (C). Khi d6

a) D6 thi (C) c6 mot diém udn.

b) D4 thi ham sd ¢6 2 diém cuc tri.

¢) Bo thi ham s6 ludn c6 giao diém véi Ox .
d) lim y=—o va lim y=+w.

X—>+0

Cau 2.

Cau 4.

Cho ham s6 y =—x* —3x> +mx +4, trong d6 m 1a tham sd.

a) Khi m =0 thi do thi ctia ham sd cit tryc tung tai diém (0;4)

a) Khi m =0 thi do thi ham s6 c6 tdm déi xing 1a diém (1;-2).

¢) Bé ham s da cho nghich bién trén khoang (0;+oo) thi m<0

d) Pé dd thi ham s6 da cho cit Ox tai ba diém phan biét c6 hoanh d¢ 1ap thanh mot cép sb
cong thi m=+k khido k lasolé

Cho ham s6 : y =%(x3 -3x° —9x—5) c6 dd thila (C).

a) Do thi ham sb ¢6 2 diém cuc tri

b) Piém d6i xtig cta dd thi co toa do 1a (1,-2)

¢) Trén doan [4;8] thi gia tri lon nhét cia ham sb dat duoc tai x =4

d) Phuong trinh tiép tuyén c6 hé sé goc nho nhét ciia db thi (C) diqua diém 4 [O; —%)
Cho ham s6 y =2x> +(m—1)x* +(m+2)x+1 (1).

a) Khi m =1 d6 thi ham s6 cét truc hoanh tai 1 diém phan bi¢t

b) D6 thi ham s6 ludn di qua diém 4(0;1)

¢) Phuong trinh tiép tuyén cta do thi ham sb song song v6i dudng thang y =9x—3 di qua
diém B(1;5)

d) Co6 1 gia tri nguyén cua tham s6 m dé dd thi ham s (1) co diém cuc dai va diém cuc

tiéu c6 hoanh d6 16n hon %.

T6 Toan — Tin — Truong THPT Lé Hong Phong 34



TAI LIEU ON TAP TOT NGHIEP THPT NAM 2024 - 2025

— 2 \
Ciu 5. Cho ham s6 y = L’;” c6 db thi (C).
X+
a) Ham s6 dong bién trén khoang (-2,-1);(=1,0).
b) Ham sb c6 hai diém cuc tri.
¢) b6 thi (C) khong cat truc Ox .
d) Do thi (C) c6 tiém can xién di qua diém A(1;2)
— 2 J— N
Cau 6. Cho ham s6 y= =~ =354 6 4 thi 1a (C).
x —
a) Do thi (C) cotiémcanxiénla y=—x—6.
b) D6 thi (C) nhan giao diém 7(3;-9) lam tam ddi xting.
¢) b6 thi (C) c6 hai diém cyc tri ndm 2 phia ddi voi Oy .
d) b6 thi khong cit truc Ox .
2 2 _ .
Cau 7. Cho ham sé y= "X FCM ZDX=2 4y U6i 1 1a 6 the.
. x+3m i
a) Khi m =1 do6 thi ham so c6 2 di€m cuc tri
b) Khi m =1 d6 thi ham s6 c6 duong tiém can xién la y =x-2
¢) Khi m=1 giao diém cua duong tiém can xién va tiém cén ding cua dd thi ham sb 1a

1 (3;—5)
d) Co 2 gia tri m & goc giira hai tiém can ctia dd thi ham s6 (1) bang 45°
. -1 \ .
Céu 8. Cho ham s6 y =———— c6 dd thi I (C,,),m la tham sb.
2x+m )
a) Khi m =2 thi d6 thi ham s6 c6 duong tiém can ngang la y =1
b) Khi m =2 thi giao diém céc dudng tiém cén 6 toa do 1a 1(1;-1)

¢) Pudng tiém can dimg cua db thi di qua diém 4 (—1; V2 ) thi m=2
d) Véi moi gia tri cua tham s6 m , ham s6 luon déng bién trén moi khoang xac dinh cta no.

1

Cau 9. Cho ham s6 y = x—
x+1

a) Do thi ctia ham sb ¢6 tiém can dimg 1a x=1
b) D6 thi ham s0 cat truc Oy tai M . Phuong trinh tiép tuyén cua (C) tai M la y=2x-1

) T6p tai hai tiép tuyén cia ,dé thi vuéng goc vdi nhau
d) bé duong thang y =k cat (C) tai hai diém phan bié¢t 4 va B sao cho O4 L OB khi

do k 1a nghiém ciia phuong trinh £° -k-1=0
TRA LOI NGAN , o ,
(P6 Luong 4 - Nghé An - 2020) Ta xac dinh dugc cac s a,b,c dé d6 thi ham so

Cau 1.
y=x'+ax’ +bx+c di qua diém (1;0) va c6 diém cyc tri (~2;0). Tinh gié tri bieu thirc

T=a*+b*+c>.

Traloi: .........................
Ciu2. (L& Lai- Thanh Héa - 2020) Cho ham s6 y = ax’ +bx* +cx+d c6 dd thi nhu hinh v&.
.u[ |
L |
I |
g ||
N
T |'
HA
|| i 3 I
/ [\
Tinh S=a+b? |
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Traloi: .........................
Cau 3.  (Sé Ninh Binh 2020) Cho ham sé y = x’ —3mx” +2m. C6 bao nhiéu gia trj ciia tham sb
thuc m dé dd thi ham sd cét truc hoanh tai ba diém phan biét c6 hoanh d6 1ap thanh cép sb

cong?
Traloi: .....ooovviiiiiiiiiiiil,
Cau 4. (SGD Dién Bién - 2019) Cho ham sé =3 ¢6 @ thi nhu hinh vé bén. Tinh gid tri cia
X+c
a-—2c.
o \
\:\

Traloi: .................

Ciau 5. Do thi trong hinh bén dudi 1a cia ham s6 y = ax +b+

X+c
| /
\ S
| //’
s
\ V%
Neap# A
/
e
y
1A
N
K x
y 70N i
Y/ |
y
V4 |
v \

Khi d6 tong a +b + ¢ bang

Traloi: .................
Ciu 6. (Chuyén Nguyén Du PiakLik 2019) Cho him sb y=—— -(C) va duomg thing

x —

d:y=—x+m.Goi S latap cac sb thuc m dé duong thfmg d cét d6 thi (C ) tai hai diém phan biét
A,B sao cho tam gidc OAB (O la gdc toa dd) ¢ ban kinh dudng tron ngoai tiép bang 22 Tong
cac phan tir cia S bang

Traloi: .................

X +mx+m’ =2m—4

Céu 7. Cho ham s y = 5 (1.
x —
Tim m dé dd thi ham sé (1) c6 hai diém cuec tri va hai diém cuec tri cach déu duong théng
A:2x+y+1=0.
Traloi: .................

UNG DUNG PAO HAM VA KHAO SAT HAM SO BE GIAI QUYET MQT SO VAN DE
LIEN QUAN PEN THUC TIEN
PHAN A.LY THUYET VA Vi DU
1. TOC PO THAY POI CUA MOT PAI LUQNG
Gia str y 1a mot ham sb ctia x vataviét y = f(x). Néu x thay doi tir x, dén x,, thi su thay doi

clia x 1a Ax=x, —x,,va su thay d6i tuong Gmg ctia y 1a Ayzf(xz)—f(xl).
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&y _f(%)-f(x)

X, =X

Tisé —=— dugc goi 1a tc do thay d6i trung binh cua y dbi voi x trén doan
[xl;xz] .
X, )= J (X
Gidi han hm & = lim M
A0 Ax

%% X, =X,

dugc goi 1a toe do thay dbi tirc thoi cua y ddi véi x tai

diém x=1x,.
Nhu vay, dao ham f (a) 1a tc d6 thay doi tic thoi cua dai lugng y = f(x) ddi voi x tai diém
x=a. Duéi dy, chung ta xem xét mot s6 tng dung cua ¥ twong nay dbi véi vat li, hod hoc, sinh
hoc va kinh té:
-Néu s = s(¢) 1a ham vi tri cia mét vat chuyén dong trén mot duong théng thi v=ys () biéu thi van
toc tirc thoi cua vat (tbe do thay doi cua do dich chuyén theo thoi gian). Tc do thay doi tirc thoi cua
van tdc theo thoi gian 1a gia toc tirc thoi cta vat: a(f)=v () =s ().
-Néu C=C(¢) 1andng d ciia mot chat tham gia phan tmg hod hoc tai thoi diém ¢, thi C'(¢) 1a toc
d6 phan tng tic thoi (ttc 1a do thay d6i ndng do) cua chat do tai thoi diém ¢.
- Néu P = P(¢) 1a so lugng cé the trong mot quan thé dong vat hoac thuc vat tai thoi diem ¢, thi
P'(t) biéu thi toc d6 tang truong tirc thoi ciia quan thé tai thoi diém 7.
-Néu C =C(x) 1a ham chi phi, tirc 13 tong chi phi khi san xudt x don vi hang ho4, thi tbc do thay
d6i ttrc thoi C'(x) cua chi phi dbi voi sb lugng don vi hang duge san xuat dugc goi la chi phi bién.
- V& y nghia kinh té, chi phi bién C'(x) xap xi véi chi phi dé san xuat thém mot don vi hang hoa
tiép theo, tirc 1a don vi hang hoa thit x+1 (xem SGK Toan 11 tap hai, trang 87, bd sach Két ndi tri
thirc v6i cudc song).
PHAN B. BAI TAP ] )
TRAC NGHIEM NHIEU LUA CHON

Cau 1. Mot chat diém chuyén dong co phuong trinh S =¢* -3¢ — 97+ 2, trong d6 t dugc tinh bang
gidy va S dugc tinh bang mét. Gia toc tai thoi diem van toc bi trict tiéu la:

A. —9m/s”. B. 9m/s>. C. -12m/s". D. 12m/s’

, 1
Cau 2. Mot vat chuyén dong theo quy luat s = §t3 2 +9¢, Vit (gidy) 1a khoang thoi gian tinh tu

lic vat bat dau chuyen dong va s (mét) 1a quang dudng di duoc trong thoi gian do. Hoi trong khoang
thoi gian 10 gidy ké tir lac bit dau chuyén dong, van tdc 16n nhat cua vat dat dugc bang bao nhiéu?
25

A. 89(m/s)- B. 71(m/s)- C.109(m/s)- D. ?(m/s)
CAu 3. Bac Téom c6 mdt cai ao co dién tich 50m> dé nudi ca. Vu vira qua bac nudi voi mat do
20 con/m* va thu duoc tit ca 1,5 tin ca thanh phim. Theo kinh nghiém nubi ca thu dugc bac 4y cir
giam di 8 con/m? thi twong tmg s& c6 mdi con c4 thanh pham thu dugc ting thém 0,5kg. Hoi vu téi
béac phai mua bao nhiéu con cé giéng dé dat dugc tong khdi luong ca thanh phdm cao nhit? (Gia sir
khong c6 hao hut trong qué trinh nu6i).

A. 1100 con. B. 1000 con. C. 500 con. D. 502 con.
TRAC NGHIEM DPUNG SAI
Caul. SO dan cta mot thi trin sau ¢ nam ké tr ndm 1970 dugc ude tinh boi cong thtc
f(0)= 261 +510 (f(¢) duoc tinh bang nghin nguoi).

a) SO déan ciia thi tran vao dau nam 1980 1a 18 nghin ngudi.

b) S6 dan cua thi trin vao ddu nam 1995 1a 23 nghin nguoi.

¢) Xem / 1a mot ham s6 xéac dinh trén nira khoang [0;+) . Vay ham s6 dong bién trén [0;+o) .
d) Pao ham ciia ham s6 £ biéu thi tdc d6 ting dan sd cta thi tran (tinh bang nghin ngudi/nam).
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Vao nam 1998 thi téc d¢ ting dan 6 12 0,125 nghin ngudi/ndm
Cau 2. Dan s0 cia mot quoc gia sau ¢ (ndm) ké tir ndm 2023 dugc ude tinh bdi cong thirc:
N(t) = 100" (N(¢) dugc tinh bang tridu ngudi, 0 < 7 < 50)
a) Dan s6 cta qudc gia vao nam 2030 1a: 108,763 (triéu ngudi)

b) Dén s ciia qubc gia vao nam 2035 1a: 125,488 (triéu nguoi)

¢) Xem N(¢) 1a ham sb ctia bién sé ¢ xac dinh trén doan [0;50]. Khi d6 ham s6 N(¢) dong bién trén

doan [0; 50]. ) 7 ) ) ) .

d) Pao ham ciia ham s6 N(¢) biéu thi toc do tang dan so cla quoc gia d6 (tinh bang triéu ngudi/nam).

Vay vao nam 2040 thi toc do tang dan s6 cua qudc gia do 1a 1,6 triéu nguoi/ nam.

Cau 3. Gia st mot hat chuyén dong trén mot truc thang ding chiéu duong hudng 1€n trén sao cho
toa do cua hat (don vi: mét) tai thoi diém ¢ (gidy)la y=¢ —12¢+3,1>0.

a) Ham van toc 1a: v(r) =37> 12,1 >0

b) Hat chuyén dong xuéng dudi khi ¢ > 2

¢) Quang duong hat di dugc trong khoang thoi gian 0<7<3 1a 9m

d) Khi 7>0 thi hat tang toc

Céu 4. M6t nha san xuat trung binh ban dugc 1000 ti vi man hinh phang mdi tuan voi gia 14 triéu

ddng mot chiéc. Mot cude khao sat thi trudng ch1 ra rang néu cr giam gia ban 500 nghin dong, sb
lwong ti vi ban ra s& ting thém khoang 100 ti vi mdi tuan.

a) Goi p (triéu dong) 1a gia cia mdi ti vi, x 1a s ti vi. Vay ham cau la: p(x) = —;mx +19

b) Cong ty giam gia 4,5 (triéu dong)/1 tivi cho ngudi mua thi doanh thu ciia cong ty 1a 16n nhat
¢) Néu ham chi phi hang tuan 1a C(x)=12000—3x (triéu déng), trong d6 x 1a sd ti vi ban ra trong
tuln, ’Véy c6 2300 ti Yi duqc; béan ra thi lgi nhuan 1a cao nhét.‘ ’
d) Néu ham chi phi hang tuan la C(x)=12000—-3x (triéu dong), trong d6 x 1a so ti vi ban ra trong
tudn, nha san xut nén dat gia ban 8,5 tri¢u déng/ 1 ti vi dé loi nhudn 13 16n nhét

TRA LOI NGAN
Cau 1. Trong 5 gidy dau tién, mot chat diém chuyén dong theo phwong trinh s(r)=—£* +6/> +1+5
trong do ¢ tinh bang gidy va s tinh bang mét. Chat diém c6 van tdc tic thdi 16n nhat bang bao nhiéu
trong 5 gidy dau tién do?

Cau 2. Mot tén Itra bay vao khong trung voi quang duong di duoc 1a s(¢) (km) 1a ham phu thude theo

bién ¢ (gidy) tuan theo biéu thic sau: s(¢) = &y 2te* ! (km) . Hoi van toc cua tén lira sau 1 gidy 1a

bao nhiéu (biét ham biéu thi van tdc 1a dao ham cép mot ciia ham biéu thi quang duong theo thoi
gian)?

Cau 3. Gia su doanh so (tinh bang s6 san pham) cia mdt san phdm mdi (trong vong mot sO nam

nhat dinh) tuan theo quy luét logistic dugc md hinh hoa bang ham sé f(¢) = 15050 :
+5e

,t 20, trong d6

thoi gian ¢ duoc tinh bang nam, ké tir khi phat hanh san pham méi. Khi d6, dao ham f'() sé& bicu
thi tc d6 ban hang. Hoi sau khi phat hanh bao nhiéu nam thi tc d6 ban hang 1a 16n nhat?

Céau 4. Trong mot thi nghiém y hoc, nguoi ta cdy 1000 vi khuan vao moi truong dinh dudng. Bang
thuc nghiém, nguoi ta xac dinh dugc so6 lugng vi khuan thay doi theo thoi gian boi cong thirc:

N(t)=1000+ 100r
100+¢°

> (con), trong d6 ¢ 1a thoi gian tinh bang gidy. Tinh sb luong vi khuan 16n nhat

ké tir khi thyc hién ciy vi khuin vao méi truong dinh dudng.
Ciau 5. Ho ép khi quan co lai, anh huong dén téc d6 cua khong khi di vao khi quan. Toc do cia

khong khi di vao khi quan khi ho dugc cho boi cong thircV = k(R —r)r’; 0<r < R, trong d6 k 1a
hang s6, R 1a ban kinh binh thudng ciia khi quan, » 1a ban kinh khi quan khi ho. Hoi ban kinh ciia
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khi quan khi ho bang bao nhiéu so vé&i ban kinh khi quan lac binh thuong thi téc d6 ctia khong khi di
vao khi quan 1a 16n nhat?

Cau 6. Nguoi quan li cia mot khu chung cur ¢6 100 cian ho cho thué nhan thiy rang tit ca cac can ho
s€ c6 nguoi thué néu gia thué mot can ho 1a 8 triéu déng mot thang. Mot cudce khao sat thi truong cho
thiy rang, trung binh ctr mdi 1an ting gia thué cin ho thém 100 nghin ddng thi s& c6 thém mot can ho
bi bo tréng. Ngudi quan 1i nén dat gia thué mdi cin ho 13 bao nhiéu dé doanh thu 13 16n nhat?

CHUYEN DE 2

VECTO VA CAC PHEP TOAN VECTO TRONG KHONG GIAN

1. Khai niém vecto trong khong gian

Vecto trong khong gian 13 mot doan thang co huéng.

Do dai ciia vecto trong khong gian 1a khoang cach giita diém dau va diém cubi cia vecto do.
Chu y: Tuong ty nhu vecto trong mit phang, d6i vdi vecto trong khong gian ta ciing ¢é cac ki hiéu
va khai niém sau:

e Cho doan thing AB trong khong gian. Néu ta chon diém dau 1a 4 , diém cudi 1a B thi ta co
mot vecto, ki hi€u la AB , doc 1a “vecto AB”.

e Khi khong can chi rd diém dau va diém cudi cua vecto, vecto con duge ki hiéu 1a a ,5 LUV,

e Do dai cta vecto 4B duoc ki hiéu 1a ‘ZE

, d0 dai cua vecto @ dugc ki hiéu 1a |a|.

e Duong thang di qua diém dau va cuoi cua mot vecto dugc goi la gia cua vecto.

Puong thang d la gid ciia vecto i

Tuong ty nhu vecto trong mit phing, ta ¢6 cac khai niém sau dbi voi vecto trong khong gian:

e Hai vecto duoc goi 1a ciing phuwong néu ching co gia song song hoc tring nhau.

e Néu hai vecto cing phuong thi ching cung hudng hoic nguoc hudng.

e Hai vecto @ va b duoc goi la béng nhau, ki hiéu a = b , néu chung cé cung d6 dai va cung
hudng.
Chii y: Tuong ty nhu vecto trong mat phang, d6i vdi vecto trong khong gian ta ciing c¢6 céc tinh chét
va quy udc sau:

e Trong khong gian, voi mdi diém O va vecto @ cho trudc, c6 duy nhat diém sao cho OM =i

e Céc vecto c6 diém dau va diém cudi trung nhau, vi du nhu Z;l, §§, ...duoc goi la vecto-khong.
e Ta quy udc vecto-khong c6 @6 dai la 0, cung hudng véi moi vecto. Do do, cac vecto-khong
déu bang nhau va duoc ki hiéu chung 1a 0.

2. Cac phép toan vecto trong khong gian
a. Tong cia hai vecto

Trong khong gian, cho hai vecto @ va b . Ldy mot diém A tuy y, v& AB=a, BC =b . Vecto
AC duoc goi 12 tng ciia hai vecto @ va b, ki hidu a+5 . Vay a+b = AB+BC = AC .
Phép lay tong hai vecto con dugce goi 1a phép cong vecto.
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=

Ch y: Tuong ty nhu phép cong vecto trong mit phang, phép cong vecto trong khong gian co cic

tinh chat sau:
e Tinh chit giao hoan: G+b=b+a.
c=a+(b+é).

e Tinh chit két hop: (a +b)
e Tinh chét cia vecto-khong: d+0=0+d=a.
boi voi vecto trong khong gian, ta co cac quy tac sau:
e Quy tic ba diém: Vi ba diém A, B,C taludn co: AB+BC = AC
4

— [
B
14 hinh binh hanh, ta c6: AB+ AD = AC .

e Quy tic hinh binh hanh: Néu ABCD
A D

B e

e Quy tic hinh hép: Cho hinh hop ABCD.A'B'C'D', tacé: AB+ AD+ AA'= AC'

b. Hi¢u cia hai vecto
Trong khong gian, cho hai vecto a va b . Hi¢u cta vecto a va vecto b 1a tong vecto @ va vecto

dbi cua vecto b , ki hidu d—b .
Phép lay hi€u hai vecto con dugc goi 1a phép trir vecto.

Chi y: Trong khong gian, v6i ba diém O, 4, B tiy ¥, ta ludn c6: OB —OA = AB.

40
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A

(] B
3. Tich clia mdt sé véi mot vecto trong khong gian
a. Dinh nghia:
Cho s6 k #0 va mot vecto a = 0. Tich cua vecto @ véi s6 k 1a mot vecto, ki hiéu Aa .
Vecto ka cung huéng véi d@ néu k >0, nguoc hudng véi @ néu k <0 va co do dai bang |k||5| .
Phép lay tich cia mot s6 voi mot vecto goi 1a phép nhan mét sé véi mot vecto.
Quy uéc: 0.i=0 va kd=0.
b.Tinh chat: ) )
Vi hai vecto @, b bat ky, véi moi s6 thuc 4 va k, ta co:
ok(a+b)=ka+kb;k(a-b)=ki-kb
o (h+k)a=ha+ka
o h(kc?) = (hk)Zz
elda=a, (—l)ﬁz—ﬁ.
Chu y:
e Haivecto @ va b (l; khac 6) cung phwong khi va chi khi ¢6 s6 k sao cho @ = kb .
e Ba diém phan biét 4, B,C thing hang khi va chi khi c¢6 sé k khac 0 sao cho AB=kAC.
e H¢ thitc trung diém doan thang: Néu / 1a trung diém cua doan thing AB, M tuy ¥, ta co:
IA+1B=0; MA+MB=2MI.

o H¢ thirc trong tAm tam gidc: Néu G 14 trong tAm cta tam gidc ABC, M tuy ¥, ta co:
GA+GB+GC=0; MA+MB+MC =3MG
e H¢ thirc trong tim tir dién: Cho G la trong tdm cua tir dién 4ABCD, M tuy y. Ta co:
GA+GB+GC+GD=0; MA + MB +MC + MD = 4MG

4. Tich vo hwéng cuia hai vecto trong khong gian
a. Goc giira hai vecto

Trong khong gian, cho hai vecto @ va b déu khéac vecto 0. Tir mot diém O bt ki ta v& OA=a
va OB=b.

Goce cho hai vecto @ va b trong khong gian, ki hi¢u (Ez,l; ) , 1a gbc giira hai vecto OA,0B.

- A
b ¥
\ f’il'/'
[
7 /J,
/7 b 4

Chu y:
* 0°<(a,b)<180°
e Néu (d,l; ) =90° thi ta noi rang d@ va b vudng goc voi nhau, ki hiéu 1a a L b.
e Goc giira hai vecto cung hudng va khac 0 ludn bang 0°.
e Goc gifra hai vecto ngugc hudng va khéac 0 ludn bang 180°.
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i b £ d

Y
A
L

(a,b)=0" (2. d)=180"

b. Tich v6 hwéng ctia hai vecto

Trong khong gian, cho hai vecto @ va b déu khac vecto 0. Tich vé hwéng cua hai vecto a va
b 1a mot s6 thue, ki hidu @b , duge xéc dinh boi cong thirc sau: @b =|al.|b|cos (@b )
Chu y:

e Trudng hop c6 it nhat mot trong hai vecto @ va b bang 0,ta quy udc ib=0.

e Vi hai vecto @ va b déu khac vecto 6, tacd @ lb<db=0.

e Khi G =5 thi tich vd hudng a.b duge ki hidu 1a @* va duge goi l1a binh phuong v6 hudng cua
vecto d.

|2 . Vay binh phuong v hudng ctia mot vecto luén bang binh phuong

Ta c6 G* =|d|.|d|cos0° =|a
do dai cua vecto do.
e Tinh chit cua tich vo hudéng: Véi ba vecto a, E, ¢ batkiva moi sb &, ta co:
+ab=ba (tinh chét giao hoan)
+ a(b+c)=ab+ac (tinh chét phan phéi)
+ (ka)b=k(ab)=a.(kb)
Nhén xét: Tir cac tinh chat cta tich vo hudng cua hai vecto ta suy ra:
—\2 - —
o (a+b) =a’+2ab+b"
- =\2 - —
o (a=b) =a’-2ab+b’
o (a+b)(a-b)=a’-b

CAC PHEP VECTO TRONG KHONG GIAN

e Quy tic ba diém: Véiba didm 4,B,C taludn co: AB+ BC = AC
A

K
e v6i ba diém O, 4, B tuy ¥, ta ludn co: OB-0A=AB.

A

(o) B

e Quy tic hinh binh hanh: Néu ABCD 13 hinh binh hanh, ta co: AB+ AD = AC .
A D

; y/
e Quy tic hinh hép: Cho hinh hop ABCD.A'B'C'D’, ta cd: AB+ AD+ AA'= AC'
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4 D
T
.. J IIII I
f I /
IIII . ]4 .Ir...;’;)’uia
IIHL" ' al
1 L
e Hé thirc trung diém doan thang: Néu / 13 trung diém ciia doan thang AB, M tuy ¥, ta co:
IA+1IB=0; MA+MB=2MI.
e Hé thirc trong tAm tam gidc: Néu G 14 trong tim ciia tam giac ABC, M tuy ¥, ta co:
GA+GB+GC=0; MA+MB+MC =3MG
e H¢ thirc trong tim tir dién: Cho G 1a trong tdm cua t& dién ABCD, M tuy y. Ta co:
GA+GB+GC+GD=0;  MA+MB+MC +MD =4MG

e Ba diém phén biét 4, B,C thang hang khi va chi khi c6 sé k khac 0 sao cho AB=kAC.

BAI TAP

PHAN I. CAu tric nghiém nhiéu phwong 4n lra chon. M&i cAu héi thi sinh chi chon mdt phwong
an.

Caul. Cho hinh tr dién 4BCD c6 trong tim G . Ménh dé nao sau day sai.

A. 4G =2 (4B + C+ 4D). B. 4G =~ (4B+A4C+ D).
C. 0G = (04 +0B+0C +0D). D. Gd+GB+GC+GD =0,
Cau2. Cho tirdién ABCD.Goi P, O la trung diém ctia 4B va CD . Chon khang dinh dang?
A. PO =— (BC+AD) B. PO =— (BC+AD)
C. PO =— (Bc AD) D. PO =BC + 4D.

Cau 3. Trong khong gian cho diém O va bon diém 4, B, C, D khong thang hang. Diéu kién can va
dudé 4,B,C,D tao thanh hinh binh hanh la:
A. 0d+-.0B =0C+-.0D. B. 0+ 0C 0B+ 0D.

C. OA+0C=0B+0D. D. OA+0B+0C+0D=0.
Cau 4. Trong khong gian cho diém O va bon diém A, B, C, D khong thiang hang. Diéu kién
canvadidé 4, B, C, D tao thanh hinh binh hanh la

A. OA+OB+0C+0D=0. B. OA+0OC=0B+OD.
cm%@:@%@ D.@+%O—C=@+%@.

Cau5. Cho tir dién ABCD . Goi M, N lan luot 1a trung diém ctia AB, CD va G la trung diém
cua MN . Trong cac khéng dinh sau, khang dinh nao sai?
A. MA+MB+MC + MD =4MG B. GA+GB+GC =GD

C. GA+GB+GC+GD =0 . D. GM +GN =0. 7
Cau 6. Chotudién ABCD. Goi I,J lan luot 1a trung diém cia 4B va CD, G la trung diém cua
1J.
Cho céc ding thirc sau, ding thirc nao ding?

A. GA+GB+GC+GD =0 B. GA+GB+GC+GD =21J
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C. GA+GB+GC+GD=JI D. GA+GB+GC+GD =-2JI
Cau7. Cho hinhhop ABCD.A4 B,C,D,. Trong cac khang dinh sau, khang dinh ndo sai?

A.A_CTI+A?'=ZZE'. B.A—d+a4:+2a6:6.

C. AC,+AC = A4, . D. C4 + AC=CC, .

Cau 8. Cho hinh hop ABCD.A'B'C'D' véi tam O. Hay chi ra dang thirc sai trong cac dang thic sau
day:

A. AB+BC+CC'= AD'+ D'O+0C’ B. AB+ AA = AD + DD’
C. AB+BC'+CD+D'A=0 7 D. AC'=AB+ AD+ AA'.
Cau 9. Cho hinh hop 4BCD.A B,C,D,. Chon dang thirc sai?
A.§5+§2=ﬁ+ﬂ. B.ZB+@+D—1A::55.
C.RHEHB—BI:B—DI. D.E4+D—DI+BT)1=E7.

Céu 10. Cho hinh ling try tam gidc ABC.4B,C,. Pat AA =a, AB=b,AC =¢, BC = d, trong céc
dang thirc sau, dang thiic nao dung7

A.a+b+c+d=0. B. a+b+c=d. C.b—c+d=0. D. a=b+c.
Cau 11. Goi M,N lan luot 1a trung diém cua cac canh AC va BD cua tir dién ABCD. Goi I 1a
trung diém doan MN va P la 1 diém bat ky trong khong gian. Tim gid tri cia k thich hgp dién vao
dang thirc vecto: 1A+ (2k —1)IB+kIC + ID =0

A k=2. B. k=4. C. k=1. D. k=0. .
Cau 12. Cho ttr dién ABCD. Goi G la trong tdm tam gidc ABC. Tim gia tri cua k thich hop dién
vao ding thic vecto: DA+ DB+ DC = kDG

A k=L, B. k=2. C. k=3 D. k=1
3 >

Cau 13. Cho hinh hop ABCD.A'B'C'D’. Tim gia tri ciia k thich hop dién vao ding thic vecto:
AC+BA +k(DB+C'D)=0.

A. k=0. ] B. k=1. C. k=4. D. k=2.
PHAN II. Cau tric nghiém ding sai. Trong mdi y A), B), C), D) & mdi céu, thi sinh chon ding

hoic sai.
Cau 14. Cho hinh hop ABCD.A'B'C'D".
A. AB=A'B'=DC=D'C’
B. AC=4'C’
C. AB+A'D'+CC'= AC.
D. AB+BC+CC'+C'D'= AD’
Cau 15. Cho hinh hop ABCD.A'B'C'D'
A. AB+B'C'+DD'=AC'
B. BD-DD'-B'D'= BB"
C. AC+BA'+DB+C'D=0 .
D. AB'=C'D
Cau 16. Hay nhan xét tinh ding hodc sai ctia cac ménh dé sau day:
A. Tir gidc ABCD 13 hinh binh hanh néu AB+BC+CD+DA=0_
B. Tt gidc ABCD 1a hinh binh hanh néu 4B =CD
C. Cho hinh chép S.ABCD . Néu c6 SB+SD = SA+SC thi t& gidc ABCD 1a hinh binh hanh.
D. Tt gidc ABCD 1a hinh binh hanh néu AB+ AC = AD_
Cau 17. Trong mit phang cho tt gidc 4BCD c6 hai duong chéo cat nhau tai O.
A.Néu ABCD 14 hinh binh hanh thi O4+0B+0C+0D =0.
B. Néu ABCD 1a hinh thang thi O4+OB+20C +20D =0
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C.Néu OA+0OB+0OC+0D =0 thi ABCD 12 hinh binh hanh.

D. Néu OA+OB+20C+20D =0 thi ABCD 1 hinh thang.
Cau 18. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Pat SA=d; SB=b; SC=¢;

SD=d.
A.G+c=d+b.
B.a+b=¢+d.
C.a+d=b+¢.
D.di+b+¢+d=0.

Cau 19. Cho hinh chép S.4BCD . Goi O 1a giao diém ciia AC va BD.
A.Néu S4+SB+2SC+2SD =680 thi ABCD 14 hinh thang.
B. Néu ABCD 14 hinh binh hanh thi S4+SB+SC+SD =450 .
C.Néu ABCD 1a hinh thang thi S4+ SB+2S8C+28D =650 .

D. Néu SA+SB+SC+SD =450 thi ABCD 13 hinh binh hanh.
Cau 20. Cho hinh chép S.ABCD.

A. Néu ABCD 14 hinh binh hanh thi SB+SD =S4+ SC.

B. Néu SB+SD = SA+SC thi ABCD 1a hinh binh hanh.

C. Néu ABCD 1a hinh thang thi SB+2SD=SA4+2SC.

D. Néu SB+2SD = SA+2SC thi ABCD 1a hinh thang.
Céu 21. Cho hinh hop 4BCD.A,B,C,D, véi tam O.

A. AB+ A—A1 = AD+ D—D1 .

B. A—d = AB+ AD+ Zéfl .

D. AB+BC+CC,=AD,+D,0O+0C,.
PHAN III. Cau tric nghié¢m tra 16i ngin. Mf)i ciiu héi thi sinh chi tra 101 dap an.
Cau 22. Cho tir dién ABCD . Goi M va N lan luot la trung diém cua 4B vaCD. Tim gia tri cia
k thich hop dién vao déng thirc vecto: MN =k(AC+BD)
Ciu23. Goi M, N lan luot la trung diém cua céc canh AC va BD cua tir dién ABCD. Goi I 1a
trung diem doan MN va P la 1 diém bat ky trong khong gian. Tim gia tri cua k thich hop dién vao
dang thirc vecto: PI = k(a +PB+PC + ﬁ) .
Céu 24. Cho tir dién ABCD.Goi M va N lan luot 1a trung diém ciia 4B va CD. Tim gia tri ciia
k thich hop dién vao dang thitc vecto: MN =k (A_E + EE)
Céu 25. Cho hinh hop ABCD.A'B'C'D'. Tim gia tri cia k thich hop dién vao ding thirc vecto:
BD-DD-BD = kBB o
Céu 26. Cho hinh hop ABCD.A4,B,C,D,. Tim gia tri cua k thich hgp dién vao dang thirc vecto:
AB+B,C, + DD, = kAC,

BAI TOAN THUC TIEN UNG DUNG VECTO TRONG KHONG GIAN

PHAN I. Céu tric nghiém nhiéu phwong an lwa chon. M§i cau héi thi sinh chi chon mét phwong
an.

Cau 27. Mot chiée ban hoc sinh can dbi hinh chit nhat duoc dit trén mat san nam ngang, mat ban
song song voi mat san va bon chéan ban vudng géc véi mat san nhu hinh vé. Trong luc tac dung lén

ban dugc bicu thi bdi vecto a phan tan déu qua bon chan ban va gay nén cac phan luc tir mat san lén

cac chan ban duogc biéu thi boi cc vecto b,c,d,e.
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Trong cac ménh dé sau, ménh dé nao sai?

A. Vecto d nguoc hudng véi vecto a.

B. Céc vecto b, E, g,é cing phuong va nguoc chidu véi vecto a.

C. Vecto b vé6i vecto a déi nhau.

D. Céac vecto Z;,E, E,E d6i mdt cung chiéu va cung d6 lon.
Ciu 28. Mot tim gd tron duoc treo song song vi mit phang nam ngang boi ba soi day khong gidn
Xuét phat tur diém O trén trdn nha va 1an luot budc vao ba diém 4, B,C trén tim gd tron sao cho cac

—_—

luc cang F, Z,E lan luot trén mdi ddy OA4,0B,0C d6i mot vudng goc véi nhau va co do 1on

|| =|E| =|F|=10(N) (xem hinh ve).

Tinh trong luong P cta tim gd tron do.

A30V3. B. 10. C.10v2. D. 1043 .
Cau 29. Mot chiec 6 to dugce dat trén mat day dudi mot khung sat cd6 dang hinh hop chit nhat véi
day trén 1a hinh chit nhat 4BCD, mit phang (ABCD) song song voi mat mat phang nam ngang.
Khung st d6 duge budc vao méc E cia chién can cau sao cho cac doan day cap EA, EB, EC,ED c6
d6 dai bang nhau va clng tao voi miat phang (ABCD) mot goc 60° nhu hinh vé&. Chiéc can cau kéo
khung sit 1én theo phuong thang dimg. Biét luc cing F{,E,E,E déu c6 cuong do SOOO(N ) va

trong lwong khung sét 1a 2000(N ) . Trong luong ctia chiée xe 6 to gan nhét s6 nao sau day?

A. 15321(N). B. 6660(N). C. 5000(N). D. 10000(N).

T6 Toan — Tin — Trwong THPT Lé Hong Phong 46



TAI LIEU ON TAP TOT NGHIEP THPT NAM 2024 - 2025
PHAN II. Céu tric nghiém tra 10i ngian. Mdi ciu héi thi sinh chi tra 10i dap an.
Cau 30. Mot tim sat tron duoc treo song song voi mit phang nam ngang boi ba soi day khong gidn
Xuét phat tur diém O trén tran nha va 1an lugt budc vao ba diém A4, B,C trén tAm st tron sao cho cac

lyc cang F,, F,, F, 1an luot trén mdi diy O4,0B,0C dbi mot vudng goc véi nhau va c6 d 16n bing

nhau ‘Fl‘ = ‘E‘ = ‘E‘ . Biét trong lugng P clia tAm sit tron d6 bang 20243 (N ) (xem hinh v&).

Tinh lyc cing cuia day treo tim sat tron do.
Cau 31. Mot chiéc dén chum c6 khéi lugng m =10(kg) dugc thiét ké véi dia dén dugc giit béi bon

doan cap S4,SB,SC,SD sao cho S.ABCD 1a hinh chop tt giac ddu co ASC =45 (xem hinh v¢).
)

a) Sur dung cong thirc P= m§ trong do § 1a vecto gia toc roi tw do c6 d6 16n IO(m / sz) , tim d§ 16n

cua trong luc P tac dong lén chiéc dén chum.

b) Tim d6 16n cia lyc cing ctia mdi soi day cap.

Céu 32. Mot chiée dén chum duoc thiét ké v6i dia dén duogc gitr boi bon doan cap S4,SB,SC, SD
sao cho SA=SB=SC=SD va ABCD 13 hinh vuéng, dong thdi cac canh S4,SB,SC,SD tao voi mit

phing (ABCD) mot goc ¢6 60° (xem hinh v&).

Biét d6 16n cua luc cang ciia mdi soi day cap 4(N ) . Tim d6 16n cua trong luc P tac dong 1én chiéc
den chum.

Cau 33. Mot chiée can ciu, cau tAm kim loai ¢ trong luc 2000(N ) , duoc thiét ké véi tAm kim loai
duoc giit boi ba doan cap AB, AC, AD sao cho AB= AC = AD va BCD la tam giac déu, dong thoi
cac canh AB,AC, AD tao v6i mét phéng (BCD) mat goc co 30° (xem hinh v&). Tim d¢ 16n cua luc

cang cua moi soi ddy cap.
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Cau 34. Mot chiée 6 t6 dugce dit trén mat day duoi mot khung st co dang hinh hdp chit nhat véi
day trén 1a hinh vuong ABCD, mit phing (ABCD) song song voi mit mit phang nam ngang. Khung
sdt d6 duge budc vao moéc E cua chién can cdu sao cho cac doan day cap EA,EB,EC,ED c6 d% dai

bang nhau va ciing tao v6i mét phang (ABCD) mot goc 45° nhu hinh v&. Chiée can cau kéo khung

sat 1én theo phuong thang dimg. Biét luc cing |F1|=|E|=|E|:|E , trong luong khung sat 1a

IOOO(N ) va trong luong cta chiée xe 6 t0 4000(N ) . Tinh cuong d¢ luc cang cua cac doan day cap.

CHUYEN DE 3. ON TAP GIUA HQC KY I
PE 1:
PHAN I. CAu tric nghiém nhiéu phwong 4n lwa chon. Thi sinh tra 10i tir cau 1 dén cau 12. Mbi
cau hoi thi sinh chi chon mét phuong an.
Céu 1. Cho ham s6 f(x) c6 bang bién thién nhu sau:

T —00 —1 0 1 —+oo

() - 0+ 0 - 0

+
—+o0

ol NN

Ham s d cho dong bién trén khoang nao dudi day?
A. (—o0;-1). B. (0;1). C. (-L1). D. (-1;0)

Cau2. Chohamsé y= f(x) c6 bang xét dau dao ham nhu sau
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X |- -2 0 2 +00
T v 0 |

- 0 &
Ménh dé nao duéi day ding?
A. Ham s6 nghich bién trén khoang (—o0;—2)  B. Ham s6 dong bién trén khoang (-2;0)
C. Ham s dong bién trén khoang (-;0) D. Ham s6 nghich bién trén khoang (0;2)
Cau3. Chohamsd y=f(x) co bang bién thién nhu sau:

x |—oo -1 0 1 +a
¥ + 0 - = 0 *
2 Har +
—m . 4

Ham s6 nghich bién trong khoang nao?

A. (-1;1). B. (0;1). C. (4+x). D. (—0;2).
Céu 4. Ham s6 nao dudi ddy khong c6 cuc tri?
2 —
A y=X B. y=2=2 C.y=x*-2x+1  D.
X x+1

y==x+x+1

Cau 5. Cho ham s6 f(x) co6 bang bién thién nhu sau:

X —n 1 3 +m
S(x) + 0 - 0 n

flx) B / : \_2 /+x

Ham sd dat cuc dai tai:

A x=-2. B. x=3. C. x=1. D. (1;3).
Céu 6. Cho ham sé y = f(x) lién tuc va c6 bang bién thién trén doan [-1;3] nhu hinh v& bén. Khang
dinh nao sau day dung?

X -1 0 2

’

hY + 0 - 0 -~

A. r[g;;lg](f(x):f(O). B. max f(x)=f(3). C.maxf(x)=/(2). D.

[-1:3]
max f (x) = f(~1).

W

Céu 7. Tiém can ngang cua d0 thi ham sé y = — la

A y=-2. B. y=1. C. x=-1. D. x=2.
Cau 8. Tiém céan dung cua dd thi ham sb y=2x+12 la

A x=2. B.x=—2.x C.x=1. D. x=-1.

Cau 9. D6 thi ctia ham s6 nao dudi ddy c6 dang nhu dudng cong trong hinh bén?
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/

A. y=x -3x. B. y=—x +3x. C.y=x"-3x"+1. D.y=-x+3x".
Céu 10. Cho hinh 1ap phuong ABCD.A'B'C'D'. Ménh d& nao sau day sai?

A. AB+AD+ AA'= AC". B. AC=AB+4D.

c. [48=[cB). D. 45 =CP.
Cau 11. Trong khong gian Oxyz, cho hai diém A(l;l;—2) va B(2; 2;1) . Vecto AB ¢6 toa do la

A. (-1;-1;-3) B. (3;1;1) C. (1,1;3) D. (3;3;-1)
Céu 12. Cho tir dién 4BCD. Ménh dé nao dudi day 1a ménh dé dung?

A. BC+AB=DA-DC. B. AC-AD=BD-BC.

C. AB- AC=DB-DC. D. AB—AD=CD+BC.

PHAN I Céu tric nghi¢m ding sai. Thi sinh trd 10i tir cdu 1 dén cau 4. Trong méi ¥ a), b), ),
d) & mdi cau, thi sinh chon dung hoic sai.

Cau 1.Cho hamsb y=f (x) c6 bang bién thién nhu sau

x| —x -2 2 +a0
¥ + - 0 +
3 +
—i 0
Khi do:

a) Ham sb dong bién trén khoang (0;+o0)

b) Ham s6 c6 ba diém cuc tri

¢) Haim s6 c6 v, =3 va y,., =0.

d) Piém cuyc tiéu cta do thi ham sb thudc duong thang 2x+2y—4=0

, 7 \ ,
Cau 2.Cho ham s0 y = f'(x) lién tuc trén doan [0;5} ¢6 d6 thi ham s6 y = f"(x) nhu hinh v&.

.1 4

3
Ol\j

a) Him s6 y= f(x) d6ng bién trén khoang (3;%)
b) £(0)> f(3)
0 £(3)> f@

(SN [EN ]| RS-
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, , 7 ,
d) Himso y=f (x) dat gia tri nhé nhat trén doan [0;5} tai diém x, =%

Cau 3.Cho hamsb y= f( X ) ¢6 bang bién nhu sau:

y' - - ¥

40 +o0 0

0/ " e

Cac ménh deé sau dung hay sai?
a) b6 thi ham s6 nhan duong thang y = 0 1a tiém cén ngang.

S

b) D?) thi ham s6 nhan du’c‘mg théng X = —31a ti€ém can dung.
¢) SO duong tiém cén cua do thi ham s6 1a 4.
d) Ham s6 dong bién trong khoang (—o05+00)
Céu 4.Cho hinh hop ABCD.A'B'C'D' . Cac ménh dé sau diing hay sai?
a) BD—-D'D-B'D'=BB'".
b) AC-BA'+DB+C'D=0.
c)R’JrB—A#ﬁer:ﬁ.
~ d) 4B+B'C'+DD'=AC'. ,
PHAN III. Cau trac nghiém tra 1oi ngan. Thi sinh tra 101 tir cau 1 dén cau 6.

nghich bién trén

Cau 1.C6 bao nhiéu gia tri nguyén am cda tham so m deé ham s6 y = >
xX—m

khoang (—3;4) .

2x+m

CAau 2.Tim gia tri cua tham sb thuc m dé gia tri nhd nhét ciia ham s6 y= trén doan [0; 4] b'fmg

x+1
3

Céu 3.Cho ham s§ y = f(x). D6 thi ham s6 y = /"(x) nhu hinh v& sau.

.

Hamsb g(x)=f (xz) ¢6 bao nhiéu diém cuyc tri?
Cau 4.Gia st s6 luong té bao ciia mot quan thé ndm men tai mdi truong nudi cdy trong phong thi
trong d6 thoi gian ¢ dugc tinh bang gid,

nghiém dugc md hinh héa bang ham s6 P(t) = :_0,75[

cac hing s6 a,b € R, dong thoi dao ham P'(¢) biu thi toc d6 gia ting té bao. Tai thoi diém ban dau

t=0, quan thé c6 20 té bao va ting véi téc d6 10 té bao/gio. Khidd a=... va b=....
Céu 5.Trong khong gian véi hé toa dd Oxyz cho hai diém A(4;2;1), B(-2;-1;4). Tim dugc toa

do diém M(a;b;c) thoa man dang thirc AM =2MB . Khid6 a+b+c=?
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Cau 6.M0t chéu cay dugc dat trén mot gia do co bon chan véi diém dat § (0; 0; 30) vacac diém cham
mit dat ciia bon chan lan luot 1 4(30;0;0), B(0;20;0),C(-20;0;0), D(0;-20;0) (don vi cm). Cho
biét trong lyc tac dung 1én chau cay c6 d6 16n 60N va dugc phan bd thanh bdn luc }71, 172,73, }74 co

d6 10n bang nhau nhu hinh v&. Tinh ‘]71 + 2}:2 + 3;‘; + 4]7—4 (kéqua 1am tron dén hang don vi)

i

PE SO 2
PHAN 1. CAU TRAC NGHIEM NHIEU PHUONG AN LUA CHON (3,0 diém).
Thi sinh tra loi tr cdu 1 dén cau 12. Moi cau hoi thi sinh chi chon mét phwong dn.
Céu 1. Cho ham s6 y = f(x) c6 bang bién thién nhu sau:

T |—00 -1 3 +00

y + 0 - o+
+o0

4
Y / \ /
£ >
Ham s6 da cho nghich bién trén khoang nao dudi day?
A. (-2;4). B. (—2;+). C. (-13). D. (—o0;-1).

Cau 2. Choham s y = f(x) lién tuc trén R, c6 dao ham f'(x)=(2x +1)(x—3) (x—2) véimoi x € R.
S6 diém cuc tri dai ctia ham s6 y = f (x) 1a

A. 0. B. 1. C. 2. D. 3.
Céau 3. Gié tri nho nhat cia ham s f(x) = x> —3x+2 trén doan [ —3;3] bing
A. —16. B. 20. C.0. D. 4.
A ‘A A , S PP A 4x+1 .
Cau 4. Tiém can dung cua do thi ham so y = 1 la
x_
1
A. y=Z. B. y=4. C. x=4. D. x=1.
Céu 5. Cho ham s6 y = f(x) ¢6 d6 thi 1a duong cong trong hinh bén dudi.
Y\
-2

/10

Ham s d cho dong bién trén khoang nao dudi day?
A. (0;1). B. (-;0). C. (1;+00). D. (-1;0).
Cau 6. Cho ham s6 f(x) lién tuc trén doan [-2;3] ¢6 do thi nhu hinh vé& dudi day.

|
|
|
|
|
1

8Y
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Goi m,M lan luot 1a gia tri nho nhét va gia tri 16n nhét ciia ham sb trén doan [—2;3] . Gia

tri ctia 2m —3M bang: A. —13. B. -18. C. -16. D. —15.
Cau 7. Cho hinh tr dién ABCD c6 trong tdm G . Ménh d¢€ nao sau day sai.
A. 4G =2 (4B + AC+ D). B. AG=(4B+4C+ 4D).
C. 0G = (04 +08 +0C +0D). D. Gd+GB+GC+GD =0,

Céu 8. Cho hinh hop ABCD.A'B'C'D’ véi tam O. Hay chi ra dang thirc sai trong cac dang thirc sau
day:

A. AB+BC+CC' = AD' +D'O+0C’ B. AB+ AA = AD + DD’
C. AB+BC'+CD+D'4=0 D. AC'=AB+ AD + AA' .

Cau 9. Trong khong gian Oxyz, cho diém A(1;2;-3). Hinh chiéu vudng goc ciia A4 1én mit phang
(Oxy) cotoadola:

A. (0;2;-3). B. (1,0;-3). C. (1,2;0). D. (1;0;0).
Ciu 10. Trong khong gian v6i hé toa do Oxyz, cho hai diém 4(2;0;1), B(0;5;—1). Tich vd hudng ciia
hai vecto 04 va OB bang

A. 2. B. -1. C. 1. D. 2.

Ciu 11. Trong khong gian Oxyz , cho hai diém A(2;—2;1) , 3(0;1;2) . Toa do diém M thudc mat
phang (Oxy) sao chobadiém 4, B, M thing hang la

A. M (4;-5:0). B. M(2:-3:0). C. M(0:0:1). D. M(4;5;0).

CAu 12. Biét ham sb y= % (ala s6 thue cho trude, a # 1)co dd thi nhu trong hinh bén. Ménh
X+

dé nao duéi day ding?
ty

o =

A. y'<0,VxeR. B. y'>0,Vx#-1. C. y'<0,Vx=-1. D. y'>0,vxeR.

PHAN IL. CAU TRAC NGHIEM DUNG SAI (4,0 diém).
Thi sinh tra loi cdu 1 dén cdu 4. Trong moi y a), b), ¢), d) 6 moi cau, thi sinh chon Pung hodc Sai.
Cau 1 Cho ham s6 y =2x* —5x* —24x—18.
a) Ham s c6 hai cuc tri.

b) Ham sb dat cuc dai tai x = —g , gid tri cuc dai la %
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¢) Ham s6 nghich bién trong khoang (3;+o).

d) Ham sé ddng bién trong khoang (—%;3) .

Céu 2. Trong khong gian Oxyz, cho vecto d =(2;-2;-4), b =(L;-11).
A. d+b=(3;-3;-3)
B.dvab cung phuong
C. |p|=3
D. G=2i-2j—4k
Céu 3. Cho ham s6 y = f(x) = x> —3x*> —9x +35. Xét tinh dung sai ciia cac ménh d¢é sau
a) r[nfﬁf(x) =40 dat duoc khi x=-1.
b) {rii%f(x) =8 dat dugc khi x=3.

¢) lim f(x)=—o0; lim f(x)=—o0
d) D6 thi ham sb khong c6 duong tiém can.
Cau 4. Cho hinh chép S-ABC ¢6 SA=SB=SC=A4AB=AC=a va BC= a2 (Hinh).

B
a) Tam giac ABC vudng tai 4 va tam giac SAB déu.
b) AB-AC =0 va (SA, AB)=120".
2

c) @-@=%.

d) cos(ﬁ,ﬁ) = %
PHAN IIL. CAU TRAC NGHIEM TRA LOI NGAN (3,0 diém).
Thi sinh tra loi tir cau 1 den cdu 6.
Cau 1. Cho ham sb y=x"-3x*-2.Goi a,b lan luot 1a gia tri cuc dai va gia tri cuc tiéu ctia ham sb
d6. Tinh gid tri ctia 2a” +b ?
CAu 2. Trong khong gian v6i h¢ toadd Oxyz ,chobadiém 4(-3;4;2), B(-5,6;2), C(~4;7;,—1). Piém D thoa

man dé to gidc ABCDIa hinh binh hanh. Biét D(x,;y,;z,), tinh gid tri cia biéu thic
S=x,+y,+z,?

Cau 3. Cho hai vecto ;z,l; thoa man: ‘Zz‘ =26;

13\ - 28; \Z, + 13\ =48 . Tinh d¢ dai vecto a—b (1am tron

két qua dén hang phan muoi)?
Cau 4. Cho d6 thi ham s6 y = f(x) nhu hinh vé.

T6 Toan — Tin — Truong THPT Lé Hong Phong 54



TAI LIEU ON TAP TOT NGHIEP THPT NAM 2024 - 2025

K

Goi gia tri 16n nhat, gia tri nho nhat ctia ham s§ y = | f (x)| trén doan [—1;1] lan luot 1 M ,m . Tinh
gia tri ctia biéu tNhl'rc T=673M -2019m . i

Cau 5. Kinh vién vong khong gian Hubble dugc dua vao vii try ngay 24/4/1990 bang tau con thoi
Discovery. Van toc ctia tau con thoi trong sit ménh nay, tir lic cit canh tai thoi diém ¢ =0(s) cho
dén khi tén lia ddy dwoc phong di tai thoi diém ¢=126(s), cho boi ham sé sau:
v(t) =0,001302¢* —0,09029¢ +23 (v duoc tinh bang fi/s,1ft=0,3048m) (Nguon: R. Larson and
B. Edwards, Calculus 10e, Cengage 2014). Biét gia toc ciia tau con thoi s& ting trong khoang thoi
gian m(s) dén 126(s) tinh tir thoi diém cat canh cho dén khi tén lira diy duoc phong di. Tim m (lam
tron két qua dén hang phan mudi) ' ) )

Cau 6. Cho mdt tam qhém co dang‘ hinh vuong canh 3dm . Bac Tung cat ¢ bon goc bon hinh vudng
cung c6 do dai canh bang x(dm), roi gap tam nhom lai nhu Hinh d€ dugc mét cai hop cé dang hinh
hop chit nhat khong cé nap.

T

Goi V' 1a thé tich ctia khdi hop d6 tinh theo x(dm). Gia tri 16n nhat cia V' 1a bao nhiéu
decimét kh6i?

, CHUYEN DE 4 -
Ciac So Pac Trung Do Mirc D¢ Khuyét Tan Cho Mau So Liéu Ghép Nhom

A.KIEN THUC CAN NHO ’ o ] ]
I. CAC SO PAC TRU’NG PO XU THE TRUNG TAM CHO MAU SO LIEU GHEP NHOM
1. S0 trung binh c{ng (so0 trung binh)

Cho mau s6 liéu ghép nhém nhu & Bang 1. . Gia tri A
5 o i > N Nhom s yon Tan so

([ Trung diém x, cua nira khoang (tinh bang trung dai dién
binh cong ctia hai ¢dau mt) tng voi nhom i 14 gia tri [a: a,) X m
dai dién ctia nhom do. [a,: a;) % n,
[J SO trung binh cdng cua mau so li¢u ghép nhom, ki
hiéu x, dugc tinh theo cong thic: [ - -

_onx,+nx,+...+n x,

X = n=n+n+._+n,

n
Bang 1

Y nghia: S6 trung binh cong ctia mau s6 li¢u ghép nhoém co6 the lam dai dién cho vi tri trung tdm cia
mau so li€u do khi cac so0 li€u trong mau it sai 1éch vdi so trung binh cong.
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2. Trung vi Nhém | Tansd Tén sb tich Iuy
Cho mau s0 liéu ghép nhom nhu & Bdng 2. Gia st (2] " .
nhom k 1a nhom dau tién c6 tan so tich uy 16n hon P ; e
. n n n . [a.: a) 1, cfs =n+n,

hodc bang > tacla cf, , < 5 nhung cf, 25. Ta goi
r, d, n, 1an lugt la du mut trai, d6 dai, tan s6 cla (a2 @) M fy =mtnt.tn,
nhém k; cf, , 1a tan s tich luy ctia nhom k—1. i
Trung vi cia mau s liéu ghép nhom, ki higu M, Bang 2
duogc tinh theo cong thuc sau:

n

5 - cfk—l

M,=r+|=——|d
n

Quy woc: cf, =0.

Y nghia: Trung vi cia miu sb liéu c6 thé dung dé dai dién cho mau sb licu do.
3. Tt phan vi

Cho mau s0 liéu ghép nhém nhu & Bdng 2.

ca o . \ ; A A g A Ao, ~ 1z < 13 no ., .. n
O00Gia st nhém p 1a nhom dau tién c6 tan so tich luy 16n hon hodc bang e tacla ¢f, | < 2

n . A v 2A , re A qx: JAL A , ALK
nhung cf 2 Z Tagoi s, h, n » lan Iugt 1a dau mut trai, do dai, tan so0 cua nhom p; cf - la tan so

tich luy cia nhém p—1.
Tt phan vi thir nhat O, duogc tinh theo cong thirc sau:

n
——C el

0 =5+ 4"

n,

1010 T& phan vi thir hai Q, bang trung vi M,

ca . \ . A A g AL, ~ 12 ) n 3n
O 0Gid st nhom ¢ 1a nhdém dau tién co tan so tich luy 16n hon hodc bang R tecla of, | < .

3n . A N R S S , \ A A
nhung c¢f, >—. Ta goi ¢, [, n_ lan lugt 1a dau mut trai, do dai, tan so ctia nhom ¢; ¢f, | 1a tan so
q 4 ¥ q ¥ 5 ¥ q 1

tich luy cua nhom g —1.
Tw phan vi thor ba O, duogc tinh theo cong thirc sau:
3n

—=—c

q-1
Q3 =t+ 4—
n

q
Y nghia: Tt phan vi Q,, O,, O, cua mau so liéu chia mau so liéu d6 thanh bon phan, moi phan
chira 25% gia tri.
4. Mot
Cho mau s0 liéu ghép nhéom nhu & Bdng 2.
Gia str nhom i 1a nhom c6 tan so 16n nhat. Ta goi u, g, n, 1an luot 1a dau mat trai, do dai, tan so
cta nhém i; n,_,, n,,, lan luot 1a tan s6 cuia nhém i—1, nhom i+1. M6t cua mau so liéu ghép nhom,

ki hi¢u M, dugc tinh theo cong thirc sau:

n —n.
2n,—n_ —n,,

1

Quy uéc: ny=0;n,, =0.
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Y nghia: M6t ctia mau s6 liéu ghép nhom co thé dung dé do xu thé trung tdm cua mau sé liéu do.
I. CAC SO PAC TRUNG PO MUC PQ PHAN TAN CHO MAU SO LIEU GHEP NHOM

1. Khoang bién thién
Cho mau so liéu ghép nhém nhu ¢ Bang 3, trong d6 n, va n,, 1a cac so Nhom Tanss
nguyén duong [ a,) n
Goi a,, a,,, 1an luot 1a ddu mit trai cua nhém 1, dau mut phai cia nhom faead i
2> U3 2

Hiéu R=a,,, —a, dugc goi 1a khoang bién thién ctia mau s6 li¢u ghép la:a) ;

m m+1 i
nhom do.
Y nghia : L
O 0Khoang bién thién cua mau so liéu ghép nhom do muc d6 phan tan Bang 3

cho mau s lidu d6. Khoang bién thién cang 16n thi mau s6 liéu cang phan tan.

(][ Trong cac dai lugng do mirc do phén tan ciia mau s liéu ghép nhom, khoang bién thién 1a dai
lwong dé hiéu, dé tinh toan. Tuy nhién, do khoang bién thién chi str dung hai gié tri @, va a,,, cua
mau sd liéu nén dai luong d6 d& bi anh hudng boi cac gia trj bt thuong.

2. Khoang tir phan vi

Cho mau s6 liéu ghép nhém nhu & Baing 2.

Goi O, O,, O, 1a tr phan vi cua mau sb liéu do. Ta goi hiéu A, =0, — (0, la khodng ti phén vi cua
mau sd liéu do.

Y nghia: Khoang tir phan vi ciia mau sb liéu ghép nhom gitp xéac dinh cac gia tri bt thuong cia
méu d6. Khoang tir phan vi thudng duoc sir dung thay cho khoang bién thién vi n6 loai trir hau hét
gi4 tri bat thuong ciia mau sd liéu va n6 khong bi anh hudng boi cac gia tri bat thuong do.

3. Phwrong sai va d Iéch chuin ciia miu s liéu ghép nhom

Cho mau s6 liéu ghép nhém nhu & Bang 1.

J0Goi X 1a sb trung binh cong cia mau s6 liéu do.

S6 52 = nl(x1 —)?)2 +n, (x2 —)_c)2+...+nm (xm —)?)2

duogc goi 1a phuong sai cua mau so li€u do.
n

00 OCan bac hai (sé hoc) ctia phuong sai dugc goi 1a do léch chuin ctia mau sb liéu ghép nhom, ki
higu 1a s, nghia 1a s = /5.

Y nghia

][] /Phuong sai (40 léch chuan) ciia mau s liéu ghép nhém duoc ding dé do mirc d6 phan tan cua
mau s liéu ghép nhom dé:

[J110D6 1éch chuan c6 cung don vi voi don vi ciia mau sd liéu.

/L 0Khi hai mﬁu sé liéu ghép nhom c6 cung don vi do va co s6 trung binh cong bﬁng nhau (hodc
xap xi nhau), mau s6 liéu nao €06 dg 1éch chuan nho hon thi mirc d6 phan tan (so véi s6 trung binh
cong) cua cac s liéu trong mau d6 sé& thap hon.

B. BAI TAP

Dang 1. Ciu tric nghiém nhiéu phwong an lya chon

Mbi cdu héi thi sinh chi chon mét phirong én.

Cau 1. Bdng 10 biéu dién mau sd liéu ghép nhém vé doanh thu (ti USD) Nhém Tén sb
cta 20 hang xe 6 to c6 doanh thu cao nhat thé gii nam 2023. [50; 100) 10
(Nguon: Business Besearch {nsights, wiki) [100: 150) 3
T@ phan vi thor ba O, cua mau so liéu d6 bang [150; 200) 4
A. 300. B. 100. [200; 250) 1
C. 275. D. 175. [250; 300) 1
[300; 350) 1

n=20

Bang 10
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Céu 2. Bang 11 biéu dién mau sd liéu ghép nhom vé chi tiéu binh quan
(don vi: USD) cua mdt luot khach quéc té dén Viét Nam phan theo 27
qudc tich nam 2019. (Nguon: https://www.gso.gov.vn) Do 1éch chuan
ctia mau s6 liéu 6 ndm trong khoang nao duéi day?

A. (200; 300). B. (300; 400).

C. (400; 500). D. (500; 600).
Dang 2. Cau tric nghiém ding sai
Trong moi y a), b), ¢), d) & méi cdu, thi sinh chon ding hodc sai.
Cau 3. Bang 12 cho ta bang tan s6 ghép nhom vé s6 liéu théng ké ti
1¢ che phu rimg (don vi: %) cua 60 tinh, thanh pho ¢ Viét Nam (khong
bao gdm Hung Yén, Vinh Long, Can Tho) tinh dén ngay
31/12/2020.
(Nguon: https://bandolamnghiep.com)
a) Ti 1¢ che phu rimg trung binh trén mot tinh, thanh phd dugc thong
ké ¢ trén la 16n hon 33%.
b) Trung vi cua mau sd lidu trén 13 40%.
¢) C6 20 tinh, thanh phd c6 ti 1¢ che phi rimg nhé hon 10%.
d) M6t ctia mau s6 lidu trén 12 5%.

Cau 4. Ban An va ban Binh lam thi nghiém trong cdy. M&i ban trong 40 cdy can tdy trong_ coc phan
gbc cua cac cay | khi bat ddu trong déu dai 4cm. Bdng 13 va Bdng 14 1an luot biéu dién mau sb liéu

Nhom Tén sb
[0: 500) 1
[500; 1000) 9
[1000; 1500) 14
[1500; 2000) 2
[2000; 2500) 1

n=1

Bang 11

Nhom Tan so
[0:10) 17
[10; 20) 6
[20; 30) 3
[30; 40) 4
[40; 50) 9
[50; 60) 15
[60; 70) 5
[70; 80) 1

n==60

Bang 12

ghép nhom vé s0 liéu thong ké chiéu cao ctia cac cdy (don vi: centimét) ma ban An va ban Binh

trong sau 5 tuan.

Nhom Tan sb Nhém Tan s
[20; 25) 2 [20; 25) 5
[25; 30) 16 [25; 30) 9
[30; 35) 20 [30; 35) 25
[35; 40) [35; 40) 1

n=40 n=40
Bang 13 Bang 14

a) Chiéu cao trung binh ciia mdi ciy do hai ban An va Binh trong khong bang nhau.

b) Khoang bién thién cta ca hai mau sb liéu trén 1a 20.
c¢) Khoang tir phan vi cua mau so6 li¢u 6 Bang 13 1a 5,5.

d) Chiéu cao cta cac cady ma ban Binh trong dong déu hon cac cdy ma ban An trong.

Dang 3. Ciu trac nghiém tra 10i ngin

Cau 5. Bdng 15 cho ta bang tan s6 ghép nhoém vé s6 liéu thong ké
chiéu dai duong b bién (don vi: kilomét) cua 28 tinh, thanh phd co
giap bién ¢ Viét Nam. (Nguon: https:///vi.wikipedia.org)

Trung vi ciia mau sd liéu d6 bang bao nhiéu (Iam tron két qua dén
hang don vi)?

Céu 6. Bdng 16 cho ta bang tan s6 ghép nhoém vé s6 liéu thong ké
chiéu cao (don vi: mét) cua 40 ndii cao nhat Péng Nam A. (Nguon:
htips://vi.wikipedia.ong)
D6 léch chuan cta mau s6 liéu d6 bang bao nhiéu (lam tron két qua
dén hang don vi)?

KHOANG BIEN THIEN VA TU PHAN VI
PHAN I. Ciu tric nghiém nhiéu phwong an lya chon. Mdi ciu héi
thi sinh chi chon m§t phwong an.
Caul: Diém kiém tra cia nhom hoc sinh 16p 10 duge cho nhu sau:

Nhom Tan s6
[0; 100) 13
[100; 200) 11
[200; 300) 3
[300; 400) 1
n=28
Bang 15
Nhom Tén sb
[3500; 4000) 10
[4000; 4500) 7
[4500; 5000) 16
[5000; 5500) 4
[5500; 6000) 3
n=40
Bang 16
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Cau 2:

Cau 4:

Cau 5:

Caiu 6:

Lép diém

[3:4]

[5:6]

[7:8]

[9:10]

S6 hoc sinh

3

3

2

VA

2

A

Khoang bién thién ctia mau s6 liéu ghép nhom trén 1a:

A. 9

B. 3

C.5

D. 6

Mot bac tai xé thong ké lai d6 dai quang duong (don vi: km) bac di 1ai xe mdi ngay trong
mot thang & bang sau:

D6 dai quang duong (km) | [50:100) [100:150) | [150:200) | [200:250) | [250:300)
S6 ngay 5 10 9 4 2
Khoang bién thién ctia mau sd liéu ghép nhom trén la
A. 250. B. 150. C. 50. D. 200.
Thoi gian hoan thanh mdt bai viét chinh ta ctia mot hoc sinh 16p 4 truong A dugce cho &
bang sau
Thoi gian (phut) [6:7) [7:8) [8:9) [9:10) [10:11)
S6 hoc sinh 8 10 12 14 7
Khoang bién thién ctia mau sd liéu ghép nhom trén la
A. 5. B. 1. C. 3. D. 7.

Goi 0,,0,,0, la tir phan vi thir nhat, thtr hai va thtr ba ciia mau s6 liéu ghép nhom. Khoang

t& phan vi cia mau s liéu ghép nhom la:
B.A,=0,-0,.
Bang thong ké can nang 50 qua thanh long duoc Iya chon ngiu nhién sau khi thu hoach ¢

A. AQ=Q1_Q3-

mot ndng truong:

C. AQ=Q1_Q2-

D. AQ=Q2_Q1~

Can nang (gam)

[250; 290)

[290; 330)

[330; 370)

[370; 410)

[410; 450)

S6 qua thanh long

3

13

18

11

5

Khoang tir phan vi ciia mau s6 lidu ghép nhom 1a ( Lam tron két qua dén hang phan mudi)

A. 63,5. B. 65,3. C. 382,7. D. 319,2.
Thoi gian (phit) truy cap intenet moi budi toi ciia mot so hoc sinh dugc cho trong bang
sau:
Thoi gian (phut) | [9,5; 12,5) | [12,5;15,5) | [15,5;18,5) | [18,5;21,5) | [21,5;24.5)
S6 hoc sinh 3 12 15 24 2
Khoang tir phan vi ctia mau s6 liéu ghép nhom 1a
A. 15,25, B. 20 C. 4,75. D. 5,2.

Bang thong ké toc do bong trong 200 1an giao bong clia mot van dong vién mén quan vot
cho két qua nhu bang sau:

Téc do v (km/h) | [150; 155) | [155; 160) | [160; 165) | [165;170) | [170; 175) | [175; 180)
Sé lan 18 28 35 43 41 35
Khoang tir phan vi ctia mau s6 liéu ghép nhom 1a
A. 162,85 B. 173,17. C.9,7. D. 10,32.

Ban Chi rat thich nhay hién dai. Thoi gian tp nhay mdi ngay trong thoi gian gan day cia
ban Chi dugc thong ké lai ¢ bang sau:

Thoi gian (phut) | [20.25) | [25:30) | [30:35) | [35:40) | [40:45)
S6 ngay 6 6 4 1 1
Khoang bién thién ctia mau s6 liéu ghép nhém la
A. 25. B. 20. C. 15. D. 30.
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Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau l:

Diing 14 hoc sinh rat gioi choi rubik, ban c6 thé giai nhidu loai khdi rubik khac nhau. Trong
mdt lan tap luyén giai khoi rubik 3x 3, ban Diing da tu thong ké lai thoi gian giai rubik
trong 25 lan giai lién tiép ¢ bang sau:

Thoi gian giai rubik (gidgy) | [8:10) | [10:12) | [12:14) | [14:16) | [16:18)

Sé lan 4 6 8 4 3

Khoang bién thién ctia mau s liéu ghép nhom nhan gia tri nao trong cac gia tri dudi day?
A. 6. B. 8. C. 10. D. 12.

Bén ban Anh, Ba, Chau, Diing cung 1a thanh vién ctia mét cau lac bd rubik. Trong mot lan
luyén tap rubik v6i nhau, mdi ban da ciing giai rubik 30 lan lién tiép va théng ké két qua
lai & bang sau:

Thoi gian giai rubik (gidy) | [6:8) | [8:10) | [10:12) | [12:14) | [14:16)
Anh 1 8 5 7 9
Ba 4 8 5 6 7
Chau 5 1 6 5 13
Diing 2 6 6 8 8

Néu so sanh theo khoang tir phan vi ciia mau s liéu ghép nhom thi ban nao cé toc do giai
rubik dong déu nhat?

A. Anh. B. Ba. C. Chau. D. Diing.

Théng ké chiéu cao ctia mot s6 cdy bach dan giéng 1 thang tudi ciia 4 néng truong duogc
cho boi bang sau:

Chiéu cao (cm ) [5:7) | [7:9) | [%:11) | [11:13) | [13:15)
Nong trwong A 5 8 16 8 3
Nong treong B 5 10 8 9 6
Nong trueong C 13 9 9 3 9
Nong trwong D 3 12 8 12 4

Néu xét theo khoang tir phan vi thi cdy bach dan giéng 1 thang tudi & néng trudng nao co
chiéu cao dong déu nhat?

A. Nong truong A. B. Nong truong B.

C. Nong truong C. D. Nong truong D.

Thong ké diém kiém tra mon Toan giita ki I ctia bon 16p 12 clia mot trudng THPT cho boi
bang sau:

Diém [5:6) [6:7) [7:8) [8:9) [9:10]
Lép 12B1 7 15 12 4
Lép 12B2 5 9 12 11 3
Lép 12B3 10 10 9 6 1
Lép 12B4 14 3 15 9 1

Nha truong muon danh gia mic d6 “hoc déu” mén Toan ctia cac 16p. Néu xét theo khoang

tt phan vi thi diém kiém tra mon Toan giita ki I ctia 10p ndo dong déu nhat?
B. Lop 12B2.

A. Lép 12BI.

Tim hiéu thoi gian st dung dién thoai trong tuan dau thang 6/2024 cta ky nghi hé 16p chu

nhiém. GVCN thu duogc két qua sau:

C. Lép 12B3.

‘ | . . D. Lép 12B4.
PHAN II. CAu trac nghiém dung sai. Trong moi y a), b), ¢), d) & moi cau, thi sinh chon ding
hoac sai.
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Cau 2:

Cau 4:

Thoi gian (gi®) [0:5) [5:10) [10:15) [15:20) | [20:25) | [25:30]
Sé hoc sinh 2 6 8 9 3

a) Khoang bién thién ctia miu sb liéu ghép nhom nay 1a 25 .

b) Nhom chira tir phan vi tht 3 1a [15;20).

¢) SO trung binh ciia thong ké 1a 10.

d) Khoang tr phan ctia mau so liéu ghép nhom nay 16n hon 10.

Thong ké diém thi khao sat dau nam moén Toan cua hai 16p 12A va 12B, ta thu dugc ket

qua sau:

o

Diém thi [5:6) [6:7) [7:8) [8:9) [9:10]
S6 hoc sinh l6p 12A 0 2 6 12 10
S6 hoc sinh lép 12B 2 12 10 6 0

a) Tir khoang bién thién ctia diém thi ctia hoc sinh hai 16p 12A va 12B, diém thi khao sat
mon Toan cua 16p 12A phan tan hon cua 16p 12B.

b) S6 diém trung binh mén Toan trong bai khao sat dau nam cua 16p 12B 16n hon cia 16p
12A.

c¢) Khoang tir phan cta lop 12A 16n hon 1.

d) Khoang tr phan vi cua 16p 12A 16n hon so vai 16p 12B.

Théng ké luong méi tir 01/07/2024 ciia gido vién hang III cia mot truong THPT thu duoc
két qua sau:

Luong (triéu) [4:6) [6:8) [8:10) [10:12]
S6 lwong GV 6 20 30 5

a) Trong thng ké sb luong gido vién c6 muirc lwong cao nhét c6 sé luong thip nhat.
b) Luong trung binh cua gido vién hang III trong thong ké 1a 10.

c) Nhom t&r phén vi thit hai cua théng ké 1a nhém [6;8).

¢) Khoang tir phén vi thdng ké 1 nho hon 1

Cho bang s06 liéu bén dudi.

Nhém | [54; 55) [55; 56) | [56; 57) | [57; 58) | [58; 59) | Tong tan 6 |
Tansd | 52 58 57 50 43 260 |
Xet tinh dung sai cta cac kh;mg’dinh sau:

a) Khoang bién thién ciia mau so licu R =5.

b) Tt phan vi tht nhat ciia mau sd liéu ghép nhom bang 0, =57,56.

¢) T phan vi thir ba ciia mau s liéu ghép nhom bang Q, = 56,35.

d) Khoang tir phan vi clia mau sb lieu A,=2,34.

PHAN III. Cau tric nghiém tra 10i ngin

Caul:

Cau 2:

Bang sau thong ké can ning ciia 50 qua xoai Thanh Ca dugc lya chon ngau nhién sau khi
thu hoach & mot ndng truong.

Cannang (g) | [250:290) | [290:330) | [330:370) | [370:410) | [410:450)

S6 qua xoai 3 13 18 11 5

Khoang t& phan vi cia mau sb liéu ghép nhom trén bang bao nhiéu? (két qua lam tron dén
chir s6 thap phan thir hai)

Hing ngay 6ng Thing déu di xe buyt tir nha d&én co quan. Dudi day 1a bang thong ké thoi
gian ctia 100 lan 6ng Thing di xe buyt tir nha dén co quan.

Thoi gian (phut) | [15:18) | [18:21) | [21:24) | [24:27) | [27:30) | [30:33)

S6 luot 99 38 27 8 4 1

Khoang t&r phan vi ctia mau s6 liéu ghép nhom trén bang bao nhiéu? (két qua lam tron dén
chit so thap phan thu hai)
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Cau 6:

an.
Caul:

Cau 4:

Gia sir két qua khao sat & khu vie 4 d6 tudi két hon ciia mot sé phu nit vira 1ap gia dinh

duogc cho ¢ bang sau:

Tudi két hon

[19;22)

[22:25

)

[25:28)

[28:31)

[31:34)

S6 phu ntr khu vie 4 10

27

31

25

Khoang tir phan vi cia mau sé liéu ghép nhém tmg véi khu vue A bing bao nhiéu? (két
qua lam tron dén chit s6 thap phan thir hai)

Diém kiém tra gitia hoc ki 1 ciia mgt nhém hoc sinh dugc théng ké nhu bang dudi:

Khoang diém

[5:6)

[6:7)

[7:8)

[8:9)

[9:10]

S6 hoc sinh

3

5

10

Hay tim khoang t& phan vi ctia mau s6 liéu trén.
Khao sat thoi gian tap the duc trong ngay ctia mot s6 hoc sinh khoi 11 thu duge mau so li¢u

ghép nhom sau:

Thoi gian (pht)

[0:20)

[20:40)

[40:60)

[60:80)

[80:100)

S6 hoc sinh

4

8

12

10

6

Tim khoang tir phan vi ctia mau s ligu.
Két qua do chiéu cao cua 200 cdy keo 3 nam tudi & mot ndong trudong duge bicu dién & biéu

dd dudi day

(S5 cay)

O [85:88)

Chi&u cao 200 cay keo 3 nam tudi

[8:8;9.1)

[9,1;9,4)

[9,4;9,7)

[9,7;10,0)

(m)

Hay tim khoéang t& phan vi ciia mau s liéu ghép nhom cho boi biéu d6 trén (két qua lam
tron dén chir s6 thap phén thir hai) )
) PHUONG SAI VA PQ LECH CHUAN
PHAN I. Céu tric nghiém nhiéu phwong an lya chon. M§i ciu héi thi sinh chi chon mdt phwong

Mot méu s6 liéu ghép nhdém co do 1éch chuén bang bang 3 thi ¢6 phuong sai bang:

A. S2=\/§. B. s =3. C. s*=9. D. s* =6.
Mot mau sé liéu ghép nhom cd phuong sai bang 25 thi c6 do 1éch chuan bang:
A. 4. B. 5. C. 256. D. 50.

Khao sat thoi gian choi thé thao trong mét ngay cua 42 hoc sinh duoc cho trong bang sau

(thoi gian don vi phut):

Thoi gian (phut)

[0:20)

[20:40)

[40:60)

[60:80)

[80:100)

S6 hoc sinh

5

9

12

10

6

Phuong sai cia mau s6 liéu dugc 1am tron dén chir s6 thap phén thir nhat 1a
A. 598. B. 597.
Nhiét d6 trong 55 ngay ciia mdt dia phuong dugce cho trong bang ghép 16p sau:

C. 2477,1.

D. 256,2.
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Cau 8:

Cau 9:

Cau 10:

Cau 11:

Nhiétdo (°C) | [19:22) | [22:25) | [25:28) | [28:31) | [3L34) | [34:37)

S6 ngay 5 7 8 16 12 7

Phuong sai cia mau sd liéu dugc 1am tron dén chir s6 thap phan thir nhat nam trong
khoang

A. (17;19). B. (20;21). C. (19;20). D. (23;25).
Khéi lugng cta 30 cu khoai tay dugc cho trong bang sau:

Nhiétdo (°C) | [19:22) | [22:25) | [25:28) | [28&:31) | [3L34) | [34:37)

S6 ngay 5 7 8 16 12 7

Do léch chuin ctia mau s liéu duoc 1am tron dén chir sd thap phéan th hai la

A.11. B. 10,95. C. 10,94. D. 10,96.

Thoi gian truy cap Internet mdi budi ti (don vi: phit) ciia mot sd hoc sinh duoc thong ké
o bang sau:

Thei gian | [10,5; 12,5) | [12.5; 14,5) | [14.5; 16,5) | [16.5; 18,5) | [18.5; 20,5)

S6 hoc sinh 3 12 15 24 2
Phuong sai ctia mau s6 liéu trén la:
A. s° ~4.87. B. s* = 2,87. C. s’ ~187. D. s* ~3,87.

S4 tiét tu hoc tai nha trong 1 tudn (tiét/tu?m) cua 20 hoc sinh 16p 10 truong THPT A dugce
ghi lai nhu sau:

9151112161210141415161316891110121818
D6 léch chuén 1a
A. s=2,49 B. s=2,99 C.s=2,9% D. s=2,90.
C6 100 hoc sinh tham du ki thi hoc sinh giéi Hoa (thang diém 20) va c6 két qua nhu sau:
Piém | 9 | 10 | 11 12 13 14 15 16 17 18 | 19

Tansd | 1 1 3 5 8 13 19 24 14 10 2
Phuong sai ctia mau s6 liéu la:
A. s =1,99 B. 5° =3,96 C. s> =15,68 D. s =2,15.

Diing 14 hoc sinh rat gioi choi rubik, ban c6 thé giai nhiéu loai khdi rubik khac nhau. Trong
mdt lan tap luyén giai khoi rubik 3x 3, ban Diing da tu thong ké lai thoi gian giai rubik
trong 25 lan giai lién tiép ¢ bang sau:

Thoigiangidi | o0 [10:12) [12:14) [14:16) [16:18)
rubik (giay)

Sé lan 4 6 8 4 3

Do 1éch chuan ctia mau so liéu ghép nhom co gia tri gan nhat véi gia tri nao dudi day?

A. 5,98. B. 6. C. 2,44. D. 2,5.

Ban Chi rét thich nhay hién dai. Thoi gian tip nhay mdi ngay trong thoi gian gin day cia
ban Chi duoc théng ké lai ¢ bang sau:

Thoi gian (phut) [20:25) [25:30) [30:35) [35:40) [40:45)
S6 ngay 6 6 4 1 1
D6 1éch chuin cia mau sd liéu ghép nhom co gia tri gan nhat véi gia tri nao dudi day?
A. 31,25. B. 31,26. C. 5,4. D. 5,6.

B phan kiém tra chét lugng san pham dung may dé do (chinh xac dén 0,001mm ) d6 day
clia mot chi tiét may. Két qua do mot sb san pham duge thong ké trong bang sau:
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Cau 12:

hoic sai.
Cau 1:

Cau 2:

Cau 3:

b6 day (mm )

[18:1

9) | [19:20)

[20:21)

[21:22)

Tan so

3

2

23

25

Nhan xét nao sau day sai?

A. Do 1éch chuén ctia mau 16n hon 2 .
B. S6 trung binh ctia miu s liéu gan bang véi 20,77.
C. Do day cua chi tiét may khong bi sai léch nhiéu.

D. C& mau ctia mau sé liéu 1a 60.

Nguoi ta ghi lai tién 13i (don vi: triéu dong) ctia mot s6 nha dau tu (voi sb tién dau tu nhu
nhau), khi dau tu vao hai linh vuc 4, B cho két qua nhu sau:

Tién lai [5:10) | [10;15) | [15;20) | [20;25) | [25;30)
S6 nha dau tu vao linh vuc A 2 5 8 6 4
S6 nha dau tu vao linh vuc B 8 4 2 5 6

Nguoi ta c6 thé dung phuong sai va d6 1éch chuan dé so sanh mirc d6 rui ro dau tu cac linh
vuc c6 gia tri trung binh tién 13i gan bang nhau. Linh vuc nio c6 phuong sai, d 1éch chuan
tién 14i cao hon thi duoc coi 1a c6 dd rai ro 16n hon. Theo quan diém trén, d6 rui ro cua cd
phiéu nao cao hon?
A. Linh vuc 4 ¢6 d0 rui ro b@'mg linh vuc B.
B. Linh vuc A ¢6 d6 rii ro cao hon linh vuc B.

C. Linh vuc 4 c6 d6 rui ro thép hon linh vuc B.
D. Khong so sanh duogc.
PHAN II. Ciu tric nghiém ding sai. Trong mdi y a), b), ¢), d) & mdi céu, thi sinh chon ding

Cho mau s0 li€u ghép nhom vé chi€u cao ciia 42 mau cay nhu bang dudi day:

Nhom

[40:45)

[45:50)

[50:55)

[55:60)

[60:65)

[65:70)

Tan so

5

10

7

9

-

4

n=42

Xét tinh ding sai ciia cdc khiang da) Nhom [45;50) c6 tan sb tich luy 1a 15.
b) Khoang bién thién ctia miu s liéu ghép nhom trén 1a 30.

5 g 8 3
¢) Nhom dau tién c6 tan so tich luy 16n hon hodc bang Tn la nhom [55; 60).

d) T phan vi thi ba ciia mau sb liéu ghép nhom trén 1a 0, >6l.

Théng ké thoi gian ding Facebook trong mot ngay cua cac ban trong Lop 12C1 duoc két
qué ghép nhom nhu sau:

Thoi gian dung (phut)

[0:

10)

[10:20)

[20:30)

[30:40)

Sé ban

1

5

10

5

2

Xét tinh dung sai cta cac khang dinh sau:
a) Gia tri dai dién ciia nhém thir nhat theo chiéu tur trai sang phai 1a 5.

b) Thoi gian trung binh dung Facebook cua mdi ban trong 16p 12C1 1a 12.

¢) Phuong sai cia mau s6 liéu trén gan bang 251.
d) B9 1éch chuan cua mau so liéu trén la 15.
Mot vuon tha ghi lai tudi tho (don vi: ndm) ctua 20 con ho va thu dugc ket qua nhu sau:

Tudi tho

[14:15)

[15:16)

[16:17)

[17:18)

[18:19)

So6 con ho

1

3

8

6

2

Xét tinh diing sai ctia cac khang dinh sau:
a) Gid tri dai dién ciia nhom [15;16) 1a 15,5.

b) S6 trung binh ctia mau s6 liéu trén 13 16,25.
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¢) Phuong sai cia mau sb liéu trén 1a 0,9875.

J395
20

d) Bo 1éch chuan ctia mau so liéu trén 1a

Khdi lugng cua 30 ca khoai tdy dugc thu hoach & mdt nong trai dugc théng ké nhu bang
sau:

Lép khoi lrgng (gam) | Gia tri dai dién | Tan sé | Tan sé tich liy
[70:80) 75 3 3
[80:90) 85 6 9
[90:100) 95 12 21

[100;110) 105 6 27
[110:120) 115 3 30
n=30

Xét tinh ding sai ctia cac khang dinh sau:

a) Khoang bién thién ctia mau s6 lidu ghép nhom trén 13 50.
b) Khoang tir phan vi ciia mau s6 liéu ghép nhém trén 1a 10.
¢) S trung binh cong ctia mau sd liéu ghép nhom trén 1a 90.
d) Phuong sai ctia mau s6 liéu ghép nhom trén 1a 120.

PHAN III. Cau tric nghiém tri 10i ngin

Caul:

Cau 2:

Cau 3:

Bang dudi day théng ké cy li ném ta ciia mot van dong vién.
Culi(m) | [19:19.5) | [19.5:20) | [20:20,5) | [20.5;21) | [21;21.5)
Tan s 13 45 24 12 6

Phuong sai ciia mau sb liéu ghép nhom trén 1a mot sb thap phan xap xi c6 dang a,b77.
Tinh a+5b.

Sau khi diéu tra yé can nang cia 40 hoc sinh trong 16p 12A & mét truong THPT X thu duoc
ket qua trong mau ghép nhom sau:

Nhém Tén s6
[30:40) 2
[40:50) 10
[50:60) 16
[60:70) 8
[70:80) 2
[80:90) 2
n=40

Tinh d6 1éch chuan cta miu s6 liéu ghép nhom trén (lam tron két qua dén hang phan
chuc).
Khdi lwong (don vi kg) ctia 20 con ca dugc cho boi bang sau day

Lép khéi lwong (kg) | [0.6:0.8) | [0.8:1.0) | [L0:L2) | [L2:L4) | p
Gia tri dai dién 0,7 0.9 1.1 1.3
Tan s 4 6 6 4 20

Tinh d¢ 1éch chuén ctia mau sd liéu.
Trong bai thuc hanh do hi¢u dién thé ciia mach dién, ban Minh tién hanh do 12 lan, két qua
nhu sau:

Hiéu dién thé do duoc (V) | [3.85:3,90) | [3,90:3,95) | [3.95:4,00) | [4,00:4,05)

Sé lan do 2 3 5 2
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Tinh d6 1éch chuén ciia mau s6 liéu ghép nhém trén ( 1am tron dén chir s6 thap phén thir
ba).
Cau 5: Thoi gian chay tap luyén cy li 100 mét cia mot van dong vién dugc cho trong bang sau:

Thoi gian (gidy) | [10:10.4) | [10.4:10.8) | [10.8:11.2) | [11.2:11.6) | [11.6:12.0)

S6 lan chay 3 8 6 2 1

Tinh phuong sai cia mau s6 lidu ghép nhom trén.
Ciau 6: Két qua khao sat thoi gian sir dung lién tuc (don vi: gio) tir e sac day cho dén khi hét cia
pin mot s6 may vi tinh cing loai dugc mo ta bang biéu do bén.
S6 may vi tinh
A

(9}

7o) Thoi gian (gio)
7,2 7,476 7,8 8,0

Xac dinh phuong sai cta thoi gian sir dung pin (Iam tron dén hang tram).

CHU DE 5

BIEU THUC TOA PO CUA CAC PHEP TOAN VECTO

1. Biéu thirc toa d ciia phép cong hai vecto, phép trir hai vecto, phép nhan mot sé voi mot
vecto
Cho a=(a;;a,;a,), b= (b;by5by) . Ta co:
. Téng hai vecto: d+b= (a1 +b1; a, +b2; a, +b3)
o Hi¢u hai vecto: d—b=(a,—b; a,—b,; a,—b,)
® ka = (ka;; ka,; kay) (ke R)

a, = kb,
Nhén xét: G cung phuong b(b #0) < d=kb < a, = kb, (k € R)
a, = kb,

2. Toa d¢ trung diém doan thing va toa d trong tAm tam giic
Cho hai diem A(x,; y,; z,) » B(xy; vy5 2), néu M (x,39,,52,,) 1 trung diém doan thang 4B
Xq+Xp . YatVs. Z,1 2
= 5 = s 2y =
M 5 Yu > M )
Cho tam gidc ABC ¢6 A(X,;; ¥,3 2,) » BOxg; ¥is 25) » ClxcsVe32e)» néu G(xg3¥6526) 1a trong
_ Xt tXe o yatVetVe.  _ZitZptzc

tam cua tam giac ABC thi: x, = B Y6 3 5 Z¢ 3

3. Biéu thirc toa dd ciia tich vo hwéng
Néu d=(a;;a,;a;) va b =(b;;by;by) thi d.b=ayb, +a,b, +asb,

Nhén xét:

thi: x
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o Néu d=(aj;a5;a3) thi lal=Vdd = \Jaf +a; +a;

o Néu A(x,; 1,5 2,) 5 B3 i3 2,) thi AB = [4B|=\(x, —x,)" + (v, -, +(z, - 2,)’

e Tich v6 hudng 2 vecto: ab = ‘ZI‘.‘Z)‘.COS(EI;B)
o Cho d=(ay;ay;ay) va b =(b;b,;by) v6i d, b =0, ta co:
+ Hai vecto vudng goc: d L b < a,b, +ayb, +ayby; =0
b a\b, +a,b, + a;b,

+ Géc hai vecto: cos(d, b) :H |ﬂ| = — = G
al.lb \/a1 +ay +a; .\/bl +by +b;

, DANG 1
CAC PHEP TOAN VECTO

1. Biéu thirc toa d§ ciia phép cong hai vecto, phép trir hai vecto, phép nhian mét so véi mot
vecto
Cho d=(a;;a,;ay), b=(b;by;by). Taco:
° Téng hai vecto: d+b= (a)+b; a, +by; ay +by)
o Hi¢u hai vecto: a-b= (a,— b5 ay—b,; a; —by)
e ka = (ka; ka,; kay) (k € R)
I a, = kb,
a, =kb, (keR)
e 4 cung phuong b(b #0) < d=kb < | |ay = kb,
)

)
= t=t (b, by, by 2 0)

L bl b2 3

e Badiém 4,B,C thang hang < AB cung phuong AC < AB=k AC

PHAN I. Cu tric nghiém nhiéu phwong 4n lra chon. M&i cAu héi thi sinh chi chon mdt phwong
an.
Cau 1. Trong khéng gian Oxyz , cho hai vecto u = (1;-4;0) va = (-1;-2;1). Vecto u+3v cotoa
do la

A. (-2-10;3). B. (-2;,-6;3). C. (—4-8;4). D. (-2;-10;-3).

Cau2. Trong khong gian Oxyz , cho hai vecto u = (1;3;-2) va V= (2;1;-1). Toa do vecto u—v

la:
A. (3;4;—3). B. (—1;2;—3). C. (—1;2;—1). D. (1;—2;1).
Céu 3. Trong khong gian Oxyz cho d@=(2;3;2) va b =(1;1;—1). Vecto @—b c6 toa do la
A. (3;431). B. (-1;-2;3). C. (3;5:1). D. (1;2;3).

Cau 4. Trong khoéng gian véi hé truc toa d0 Oxyz, cho ba vecto é(1;2;3);l;(2; 2;—1);5(4;0;—4).
Toa dd cua vecto d =d—b +2¢ 1a

A. c?(—7;0;—4) B. 67(—7;0;4) C. 67(7;0;—4) D. c?(7; ;4)
Cau 5. Trong khong gian véi hé truc toa d0 Oxyz, cho a =(2;-3;3), b= (0;2;-1), ¢

Tim toa dd cua vecto i = 2a +3b — 2¢ .
A. (10;—2;13). B. (—2;2;—7). C. (—2;—2;7). D. (—2;2;7).
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Cau 6. Trong khong gian v6i hé toa dd Oxyz , cho a =(2;-3;3), b =(0;2;-1), 2:(3; ~1;5). Tim

toa do cua vecto u=2a+3b-2c.

A. (10;-2;13). B. (-2;2;-7). C. (-2;-2;7). D. (-2;2;7).
Cau 7. Trong khong gian véi hé toa d0 Oxyz, cho hai vecto x= (2;1;—3) va )7 = (1;0;—1) . Tim toa
do ciia vecto a =x+2y.

A. a=(41;-1). B. a=(3;1;-4). C. a=(0;;-1). D. a=(41-5).
Cau 8. Trong khong gian Oxyz véi ;,}',l; lan luot 14 cac vecto don vi trén cac truc Ox, Oy, Oz. Tinh
toa do cua vecto i+ } — k.

A.i+j-k=(-1-L1). B.i+j—k=(-LLl). C.i+j-k=(1-1). D.
i+j—k=(-11).

Cau 9. Trong khong gian Oxyz, cho & =(1;2;1) va b =(-1;3;0). Vecto ¢ =2d+b c6 toa do 1a

A. (,7:2). B. (1;5;2). C. (37:2). D. (1;7:3).

Cau 10. Trong khong gian Oxyz, cho a(—2;2;0),5(2;2;0),2(2; 2;2). Gié tri cua ‘Zz+l;+2‘ bang

A. 6. B.11. C. 211, D. 216
Cau 11. Trong khong gian v6i hé toa dd Oxyz , cho céc vecto a = (2;m —1;3),[3 =(1;3;-2n). Tim

m,n dé€ cac vecto a,b cung hudng.

A.m=7;n=—%. B. m=4;n=-3. C.m=Ln=0. D.m=7;n=—g.

Cau 12. Trong khong gian voi hé toa dd Oxyz cho cac véc to u=2i—2j+k, v= (m;2;m+1) véi
m 14 tham sb thuc. C6 bao nhiéu gia tri cia m dé ‘&‘ = M

A. 0. B. 1. C.2. D. 3.
Cau 13. Trong khong gian v6i hé toa do Oxyz, cho cac vecto a =(2;m—1;3), b= (1;3;—2n). Tim
m, n d& cacvecto G, b cung phuong.

3 4

A.m:7;n=—z. B.m:7;n=—§. C.m=4;,n=-3. D.m=1;n=0.
Ciu 14. Trong khong gian véi hé truc Oxyz cho ba diém A(—1;2;—3), B(1;0;2), C(x; y;—2) thang
hang. Khi d6 x+ y bing

11 11
A.x+y=1. B. x+y=17. C.x+y=—?. D.x—f—y:?.

Céu 15. Trong khong gian voi hé toa dd Oxyz, cho ba diém A(2;-1;5),B(5,-57),M (x; y;1). Véi
gia trinao cia x,y thi A, B,M thang hang.

A x=4y="7 B. x=—4;y=-7 C.x=4,y=-7 D. x=-4;,y=7
Cau 16. Trong khong gian Oxyz , cho hai diém A(2;—2;1) , B(0;1;2). Toa d6 diém M thudc mat
phang (Oxy) sao chobadiém 4, B, M thing hang la

A. M (4;-5;0). B. M (2;-3;0). C. M(0;0;1). D. M(4;5;0).
PHAN II. Ciu tric nghiém ding sai. Trong mdi y A), B), C), D) & mdi céu, thi sinh chon diing

hoac sai.
Cau 17. Trong khong gian Oxyz, cho vecto a =(2;-2;-4), b= (L-1;1).

A. G+b=(3;-3;-3)

B.dvab cung phuong
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C. |p|=+3
D. a=2i-2j—4k
Cau 18. Trong khong gian véi hé truc toa dd Oxyz , cho ;:(2;3;1), b =(-1;52), c =(4;,-1;3)
va x =(-3;225).
A.x=2a-3b-c.
. x==2a+3b+c.
. x=2a+3b-c.
. x=2a-3b+c.
Cau 19. Trong khong gian v6i hé truc toa do Oxyz, cho a =(2;—5;3), b =(O;2;—1), ¢ =(1;7;2).
A. i =3d—b+5¢ v6i i =(11;22:18).
x:%a—gz;—zé voi f:(—l;—%;—%)

Vv=a+b véi v =2i-3j+2k.

S a=

®

0

D. y=b-c Vi y=—i+5)-3k.
PHAN III. Céu trac nghiém tra 1oi ngan. Moi cdu héi thi sinh chi tra 1oi dap an.
Caul. Tim toa dd vecto X, biét réng: G+2%X=b véi d= (5;4;—1) , b= (2;—5;3)
Cau 2. Cho vecto a = (1;-1;0), x4c dinh k dé vecto u = (2;2k —1;0) cing phuong véi vecto a.
Cau3. Cho hai vecto d=(3;-2;1), b=(2;1;=1). Timm dé ii=ma—3b va v =3G+2mb cing
phuong.
Cau4. Chobavecto d=(1;-7;9), b =(3;-6;1), ¢ =(2;1;-7) . Biéu dién vecto i = (—4;13;-6) theo
cac vecto d, b, ¢ .
Ciu 5. Cho ba vecto a=(1;-1;1), b =(0;1;2), ¢ =(4;2;3). Biéu dién vecto i = (1;2;-2) theo cac
vecto d, l;, C.
Cau 6. Cho 3 vecto a= (2;5;4), b= (6;0;—3), ¢ = (3;2;—1). Xac dinh cac sb thuc m,n dé
ma-3nb=c.
Ciu 7.Cho 3 vecto :d=(2;—1;3), b =(1;-3;2), ¢ =(3;2;—4). Xac dinh cac sb6 thuc m,n dé
m- = 1=

—a—-nb=—c.
3 2

Cau 8. Trong khong gian toa d9 Oxyz cho ba diém A(4;2;3),B(-2;1;-1),C(3;8;7).

a) Chirng minh ba diém 4, B,C khong thang hang.

b) Tim toa do diém D sao cho t& giac ABCD 1a hinh binh hanh.
Cau 9. Trong khong gian toa do Oxyz cho A(Z; 5; 3), B(3;7; 4), C(x;y; 6). Tim x;y dé ba
diém A, B, C thang hang.

TiCH VO HUONG HAI VECTO

e Néu ﬁz(al;az;a3) thi |Zz| =\/£ = al2 +a§ +a§
e Tich v6 huéng 2 vecto: a.b = a,.b, +a,.by +a,.b;;
e Hai vecto vudng goc: d L b < a,b, +ayb, +ayby; =0
a.b ab, +a,b, +a;b,

e GOc hai vecto: COS(EI',B):H |*|: 2, 2,2 32,42 42
dal.lb \/al +ay +a3 .\/b1 +by + b3
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PHAN I. CAu tric nghiém nhiéu phwong 4n lra chon. Mdi cAu héi thi sinh chi chon mgt phwong
an.
Cau 1. Trong khong gian voi hé toa 40 Oxyz, cho vecto u 2(3;0;1) va v=(2;1;0). Tinh tich vo

hudng uy .

A. uv=8. B. uv=6. C.uv=0. D. uv=-6.
Cau 2. Trong h¢ toa d6 Oxy, cho u=i+ 3}‘ va v= (2;—1). Tinh u.v.

A uv=-1. B.uv=1. C. uv=(2-3). D. uv=52.
Cau 3. Cho hai véc to a = (1,-2;3), b= (=2;1;2) . Khi d9, tich v6 hudng (Zz +l;)5 bang

A. 12. B. 2. C.11. D. 10.

Cau 4. Trong khong gian v6i h¢ truc toa dd Oxyz, cho u= (2;—1;1) va v= (0;—3;—m) . Tim sd thuc

m sao cho tich vo hudng uv=1.
A.m=4. B.m=2. C.m=3. D.m=-2.
Loi giai
Chon B.
Tacod: uv=1<3-m=lem=2.

Cau 5. Trong khong gian Oxyz, cho hai vecto U va v tao voi nhau mot goc 120° va M =2, \7‘ =5
. Tinh [ +1]
A9, B. -5. C.7. D. 39.

Céu 6. Trong khong gian védi hé truc toa do Oxyz, cho hai vecto ; = (2; 1; O) va B = (—1,' 0; —2) . Tinh

cos(;,g) .

A. cos (;,B) = _2 B. cos (;,B) = 2 C. cos(;,g) = 2 D. cos (Z,E) = 2
25 5 25 5
Cau 7. Trong khong gian Oxyz , gbc gitta hai vecto ivau= (—\/3 ;05 1) la
A. 120°. B. 60°. C. 150°. D. 30°.
Cau 8. Trong khong gian Oxyz, cho a = (-3;4;0), b= (5;0;12). Césin cua goc giita a va b bing
A.i. B.z. C. —2. D. —i.
13 6 6 13
Cau 9. Cho u = (~1,1,0), v=(0,~1,0), goc giira hai vécto u va v la
A. 120°. B. 45°. C. 135°. D. 60°.
Cau 10. Trong khong gian Oxyz cho 2 véc to a= (2;1;,-D); b= (1;3;m) . Tim m dé (21;5) =90°.
A.m=-5. B. m=5. C.m=1. D. m=-2

Cau 11. Trong khong gian vdi hé toa dd Oxyz, cho véc to u= (1;1; —2), v= (1;0; m) Tim tat ca gia
tri cia m dé goc gitra i, v bang 45" .

A.m=2. B. m=2+6. C.m=2-6. D. m=2++/6.
Cau 12. Trong khong gian Oxyz , cho céc vec to a = (5;3;-2) va b= (m;—1;m+3). C6 bao nhiéu
gia tri nguyén duong cia m dé goc giira hai vec to avab la goc tu?

A. 2. B. 3. C. 1. D. 5.

Cau 13. Trén mjt phang toa 46 Oxy, cho tam giac 4BC biét 4(1;3), B(-2;-2), C(3;1). Tinh

cosin goc 4 cua tam giac.

A. cosA:i B. cosA:L C.cosAd=—- 2

V17 J17 17

D. cosA=-—

1
J17
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Céu 14. Trong khong gian Oxyz, cho ba diém A(-1;-2;3) B(0;3;1), C(4;2;2). Cosin cua gbc
BAC 1a

2 2

T35 s NI N

Cau 15. Trong khong gian Oxyz cho A4(1;2;3);B(-1;2;1);C(3;—1;-2). Tinh tich v6 hudng AB.AC

A. 6. B. -14. C. 14. D. 6.

Ciu 16. Trong khong gian v6i hé toa do Oxyz cho ba diém M (2:3;-1), N(-LL1) va
P(1m—-1;2). Tim m dé tam giac MNP vubng tai N .

A.m=2 B. m=—-6 C.m=0 D. m=—4
Cau 17. Trong khong gian toa o Oxyz, cho A(2;0;0), B(0;2;0), C(0;0;2). Co tat ca bao nhiéu
diém M trong khong gian thoa mian M khong tring véi cac diém A4,B,C va
AMB = BMC = CMA = 90°

A. 0. B. 1. C.2. ’ D. 3.

Cau 18. Trong khong gian vdi hé toa d0 Oxyz, cho tam giac ABC, biet A(5;3;-1),B(2;3;-4),
C(3;1;-2) . Ban kinh duong tron néi tiép tam giac 4ABC bang:

A.9-2J6. B. 9-36. C. 9+3+6. D. 9+2+/6.
PHAN II. Cau trac nghiém dung sai. Trong moi y A), B), C), D) & moi cu, thi sinh chon diing
hoic sai.

Cau 19. Trong khong gian v6i hé truc toa dd Oxyz , cho hai vecto a = (2;1;-3), b= (—4;-2:6).

A.b=-2a.

B. a.b=0.

C.a nguoc hudng voi b.

D. [p|=2d|.

Cau 20. Trong khong gian véi hé toa @6 Oxyz, cho a = (1,-2;3) va b= (LL-1).
A. Zz+l§‘ =2.

B. ab=—4.

C. [a-p|=5.

D.alb.
Ciu 21. Biét E:(x;y;z) khac 0 va vudng goc véi ca hai vecto Zz=(1;3;4),13=(—1;2;3).
A. 5z—x=0.
B. 7x-y=0.
C.5y+7z=0.
D. 7x+y=0.
Ciau 22. Trong khéng gian v6i hé¢ toa dd Oxyz, cho tir dién ABCD véi A(0; 0; 3), B(0; 0;—1),
C(1; 0, 1), D(0; 1;—1).
A. AB 1 BD.
B. 4B 1 BC.
C. AB 1L AC .

D. AB L CD.
PHAN III. CAu tric nghiém tra 1oi ngan. Mdi cau héi thi sinh chi tra 101 dap an.

Cau 23. Trong hé toa 40 Oxyz cho a =(I; —2;%) ,b=(=2;1;1), ¢ =30 +2] +4k

a) Tinh cac tich vo huéng a.b, c.b. Trong ba vécto trén c6 cac cap vécto nao vudng goc ?
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b) Tinh cos(a,b),cos(a,i)
Cau 24. Trong h¢ toa 36 Oxyz, cho 3 vecto a = (2;5;4), b= (6;0;—3), ¢ = (3;2;—1)
a) Tinh (a.b)¢ .
b) Tinh goc gilta 2 vecto a va b.
Ciu 25. Trong hé toa do Oxyz, cho 3 vecto @ = (3;2;2\/5), b= (6;2\/5;—1), ¢ =(32-1)

a) Tinh 4a.c +b> —5¢2.

b) Tinh goc giira 2 vecto @ va b .
Cau 26. Trong h¢ toa d0 Oxyz cho ba vecto d =(2;3;-1), b =(1;-2;3),¢ =(2;—1;1). Tim toa do
vecto ii, biét rang: i 1 d, ii L b, i.¢ =—6.
Ciu 27. Trong hé toa d0 Oxyz cho ba vecto @ =(2;—1;3), b = (1;-3;2), ¢ = (3;2;—4) . Tim toa do
vecto @i, biét rang: d.i =—5,i.b =—11,i.¢ =20. 7
Cau 28. Trong khong gian véi hé toa d0 Oxyz, cho 4 diem A(2;4;-1),B(1;4;-1), C(2;4;3)
D(2;2;-1). Biét M (x;y;z),d¢ MA®> + MB> + MC® + MD* dat gia tri nho nhat thi x+ y+z bang bao
nhiéu?
Ciu 29. Trong khong gian v&i hé truc toa d Oxyz, cho ba diém A(L1;1), B(-21;0),C(2;-3;1)
.DiémS(a;b;c) sao cho S4% +2SB*>+3SC? dat gia tri nho nhét. Tinh T=a+b+c
Ciau 30. Trong khong gian toa d Oxyzcho ba diém A(2;51),B(-2;-6;2),C(1;2;-1) va diém
M (m;mym), d¢ MA® — MB* — MC” dat gia tri 16n nhat thi m bang bao nhiéu?
Ciu 31. Trong khong gian toa d Oxyzcho ba diém A(2;51),B(-2;-6;2),C(1;2;-1) va diém
M (m;m;m) , dé MB - 226‘ dat gia tri nho nhét thi m bﬁng bao nhiéu?
Ciu 32. Trong khong gian toa dd Oxyz cho diém A(1;2;3),B(2;2;1),M € Ox. Tim diém M sao

cho biéu thuc T = ‘m +1W9‘ dat gia tri nho nhét.

Cau 33. Trong khong gian toa d0 Oxyz cho diém A(—l; 2;—3),3(0;2;1),C(—1;2;1),M € Oy. Tim
gia tri nho nhét cua biéu thuc 7 = ‘m +MB+MC ‘ dé T dat gia tri nho nhét.

Céu 34. Trong khong gian toa dd Oxyz cho diém A(0;2;3),B(2;1;1),C(1;2;3),M € Oz. Tim diém
M sao cho biéu thirc 7 = ‘m —2MB + 3M—C‘ dat gi4 tri nho nhat.

Cau 35. Trong khoéng gian voi hé toa do Oxyz, cho hai diém A(2;2;0) ,B(2; 0; —2) va diém
M(a,b,c) véi a,b,c 1a cac sb thyuc thay ddi thoa man a+2b—c—1=0. Biét MA=MB va géc
AMB c6 s do 16n nhat. Tinh S =a+2b+3c.

PO DAI PUONG THANG. TIM TOA PO PIEM

e AB = ‘TB‘zJ(xB —xA)2+(yB—yA)2 +(ZB—ZA)2

o M(x,;¥,:2, ) latrung diém doan thang AB thi: x,, =%; Vi =%; z, = 24 ;ZB
 G(x43¥5:2) 1a trong thm cua tam gidc ABC thi:
X, +X5+X +y,+ Z,+z,+z
xg =A% C;yG:yA Vs yC;ZG:A e
3 3 3
e Cho tam giac ABC c6 D la chan duong phan giac trong goc B cua tam giac ABC. Khi do ta co:
DA _BA_ 5 BApG
DC BC BC
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B

PHAN L. Céu tric nghiém nhiéu phwong an Iya chon. M3i cau héi thi sinh chi chon mét phwong

an.

Ciu 36. Trong khong gian voi hé toa do Oxyz , cho diém A(Z; 2;1) . Tinh d6 dai doan thang OA .
A. 04=15 B. O4=5 C. 04=3 D. 04=9

Cau 37. Trong khong gian vé6i hé toa &6 Oxyz, cho hai diém 4 (1; -3; 1) ,B (3; 0; —2) . Tinh @6 dai 4B

A.26. B.22. C. V26 . D. V22.
Céu 38. Trong khong gian Oxyz, cho hai diém A(l;l; 2) va B(3;1;0). Trung diém cta doan thang
AB cbtoadola

A. (42;2). B. (2:1;1). C. (2,0;-2). D.
(1;0;—1).
Céu 39. Trong khong gian véi hé toa 46 Oxyz cho hai diém A(-1;5;3) va M(2;1;-2). Toa do
diém B biét M 1a trung diém cia 4B la

A. B(%ﬁ;%}. B. B(-4;9;8). C. B(5:3;-7). D. B(5-3-7).
Céu 40. Trong khong gian cho hé truc toa 46 Oxyz, cho ba diém A(1;-2;3),B(-1;2;5),C(0;0;1).
Tim toa do trong tam G cla tam giac ABC .

A. G(0;0;3). B. G(0;0;9). C. G(-10;3). D. G(0;0;1).
Ciu 41. Cho bén diém S(1,2,3);4(2,2,3);B(1,3,3);C(1,2,4).X4c dinh toa d¢ trong tim G cua
hinh chép SABC.

A.(5:9;13). B.(%ﬁ;?}. C.(l;%;%). D[%%?j

Céu 42. Trong khong gian voi hé toa d6 Oxyz, cho 2 diém B(1;2; —3) , C (7;4;—2) Néu diém E
thoa man déng thiic CE =2EB thi toa d diém E 1a:

A. (3;§;—§j B. (§;3;—§j. C. (3;3;—§) D. [1;2;1j
373 3 3 3 3

Ciu 43. Trong khong gian Oxyz , cho hai diém 4(3;1;-2), B(2;-3;5). Piém M thudc doan AB
sao cho MA =2MB, toa do diém M 1a

AL (Z;_éﬁ) B. (4;5;-9). C. (3;—5;9]. D. (1;-7;12).
3’ 3 2 2

Ciu 44. Trong hé tryc toa dd Oxyz, cho hai diém la A(1;3;-1), B(3;-1;5). Tim toa d¢ cua diém
M thoa man hé thie MA=3MB.

A. M(é;ﬁ; j B. M(Z;l;?aj. C. M(z;lﬁ). D. M(4;-3;8).
33 33 33
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Ciu 45. Trong khong gian véi hé toa d6 Oxyz cho hai diém A(4;2;1), B(-2;—1;4). Tim toa do

diém M thoa man dang thirc AM =2MB.
A. M (0;0;3). B. M(0;0;,-3). C. M(-8,—4;7). D. M(8;4;-7).

Ciu 46. Trong khong gian véi hé toa dd Oxyz, cho cac diém A(3;-4;0), B(-1;1;3), C(3,1,0). Tim
toa dd diém D trén truc hoanh sao cho 4D = BC..

A. D(6;0,0),D(12;0;0) B. D(0;0;0), D(6;0;0)

C. D(~2:1;0), D(~4;0;0) D. D(0;0;0), D(~6;0;0)
Cau 47. Trong khong gian v6i hé toa dd Oxyz, cho hai diém A4(-2;3;1) va B(5; 6; 2). Puong
thing AB cit mit phing () tai diém M. Tinh ti s %

A. gi‘j % B.;—AA:[[=2 C.g_ﬂf‘jzé D.;—AA:[[=3

Cau 48. Trong khong gian v&i hé toa d0 Oxyz, cho hinh hop ABCD.A'B'C'D'" c6 A(O;O;O),
B(a;0;0); D(0;2a;0), 4'(0;0;2a) v6i a#0. Do dai doan thang AC' 1a
3

A. |a|. B. 2|a|. C. 3|a|. D. E|a|.
Cau 49. Trong khong gian v&i hé toa do Oxyz, cho hinh vuéng 4BCD, B(3;0;8), D(-5;-4;0).
Biét dinh A thudc mat phing (Oxy) va co toa d¢ 1a nhitng s6 nguyén, khi d6 ‘C—A + @‘ bang:

A. 1045, B. 6:/10. C. 1046. D. 510
Ciu 50. Trong khong gian Oxyz cho céac diém A(5:1;5); B(4:3;2); C(-3;-2:1). Piém I(a;b;c)
1a tim duong tron ngoai tiép tam giac ABC . Tinh a +2b+¢?

A. 1. B. 3. C. 6. D. -9.
Cau 51. Trong khong gian véi hé truc toa d6 Oxyz, cho 074:2;+2}+2l;, B(—2; 2;0) va
C(4;1;—1). Trén mat phang (Oxz), diém nao dudi day cach déu ba diém 4, B, C.

A M E;0;1. B.N_—3;0;_—l. C.PE;O;_—I. D.Q_—3;O;l.
4 2 4 2 4 2 4 2

Cau 52. Trong khong gian véi hé toa do Oxyz, cho tam giac ABC cb A(I;Z;—l), B(2;—1;3)’
C(—4;7;5). Goi D(a;b;c) 1a chan dudng phan giac trong goc B cua tam gisc ABC . Gia tri cua
a+b+2c bang
A. 5. B. 4. C. 14. D. 15.
8 4 8

Cau 53. Trong khong gian vdi hé toa do Oxyz, cho hai diém A(l 2; 2) va B (5 '3 Ej Biét

I(a; b; ¢) 1a tam ctia dudng tron ndi tiép tam gidc OAB . Gia trj a—b+c bang
A. 1 B.3 C.2 D. 0

Ciu 54. Trong khong gian Oxyz, cho hai diém M(2;2;1), N [ g

wloo
wloo

] Tim toa d6 tam duong
tron ndi tiép tam giac OMN .

A. I(L;1;1). B. 1(0;1;1). C. [(0;—L;—1). D. I(1;0;1).
Ciu 55. Trong khong gian toa d6 Oxyz, cho A(2;0;0),B(0;2;0),C(0;0;2). C6 tét ca bao nhiéu
diém M trong khong gian thoa mian M khong tring véi cac diém 4,B,C va
AMB = BMC = CMA =90°?

A. 0. B. 1. C.2. D. 3.
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Cau 56. Trong khong gian véi hé toa do Oxyz, cho ba diem 4(-2;3;1), B(2;1;,0), C(-3;-11).

Tim tit ca cac diém D sao cho ABCD 1a hinh thang c6 day AD va dién tich tir giac ABCD bang 3
lan dién tich tam giac ABC .

D(-8;-7;1

A. D(-12;-1;3). B. (=8: ’). C. D(&7;-1). D.
D(12;1;-3)

D(8;7;-1)

D(-12;-1;3)

Cau 57. Trong khong gian véi hé truc toa do Oxyz cho hinh thang ABCD vuodng tai 4 va B. Ba
dinh A(1;2;1), B(2;0;—1), C(6;1;0) Hinh thang c6 dién tich béng 6~/2 . Gia st dinh D(a;b;c), tim
ménh dé ding?

A.a+b+c=6. B.a+b+c=5. C.a+b+c=8. D.a+b+c=7.

PHAN II. Ciu tric nghi¢m ding sai. Trong méi y A), B), C), D) & mi ciu, thi sinh chon ding
hoic sai.
Cau 58. Trong mat phfmg voi hé toa d0 Oxyz, tam giac ABC vai A(l;—3;3) ; B(2;—4;5) ,
C(a;—2;b) nhan diém G(1;¢;3) 1am trong tam ciia no.

A.Néu M 1a trung diém doan thflng AB thi toa do diém 1a M (%;—%;4} .

B. Toa dd vecto 1a AB=i- ; —2k

C. 2024a+2025b = 2025

D.a+b+c=-2

Ciu 59. Trong khong gian véi hé truc toa do Oxyz , cho hai diém A(O;l;—2) va 3(3;—1;1) . Toa do
diém M (x;y;z) thoa man AM =34B.

A, x+2y=1.

B.3y+z=1.

C.x+2y-2z=-15.

D. x+y+z=11.
Cau 60. Trong khong gian voi hé toa d Oxyz, cho hinh hop ABCD.A'B'C'D" ¢6 A(0; 0;0),
B(3;0;0), D(0;3;0), D'(0; 3; —3). Toa do trong tdm tam gidc A'B'C 1a G(x4;¥4325)-

A xg+ys+zo=1.

B. 2x, -y, =3.

C. 2x;+y; -3z, =-1.

D. x, -2y, -3z, =-6.
Ciu 61. Trong khong gian véi hé toa do Oxyz , cho ba diém A(1;2;-1), B(2;-1;3), C(—4;7;5).
Toa d6 chan duong phan giac trong goc B cua tam giac ABC 1a D(a;b;c) .

A.a+b=3.

B. a+c=§.
3

C.a+b-2c=1.

D.a+b+c=4.
PHAN III. Cau tric nghié¢m tri 1oi ngin. Mdi cau héi thi sinh chi tra 10i dap an.
Cau 62. Trong hé toa d6 Oxyz cho: A(l;—l;l), B(Z;—3;2), C(4;—2;2).

a) Tim toa d¢ trung diém cta doan AB.

b) Tim toa d¢ trong tam tam giac ABC.
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¢) Tim toa do diém M thoa MA+ %A—/[E =3MB

Cau 63. Trong h¢ toa o Oxyz cho: A(L,—1;1), B(2;-3;2), C(4,-2;2), D(3;0;1), E(1;2;3)
a) Chimg to rang ABCD 1a hinh chit nhat. Tinh dién tich cta no.
b) Tinh cos cac goc cua tam gidc ABC 7
c¢) Tim trén duong thang Oy diém céach déu hai diém 4B
d) Tim toa do diém M théa MA+MB—-3MC =0
Cau 64. Trong hé toa d0 Oxyz cho 4(4;-1;2) ; B(7;3;2) .
a) Tim toa do diém M e Ox va cach déu hai diém 4,B.
b) Tim M trén mat phang (Oyz) sao cho tam gidc 4BM vudng cantai 4.
Céu 65. Trong khong gian toa d0 Oxyz cho ba diém A(1;2;-3), B(0;3;7),C(2;5:0).
a) Chimg minh ba diém 4, B,C khéng thang hang.
b) Tim toa do diém D sao cho ti giac ABCD 1a hinh binh hanh.
c¢) Tinh goc ABC.
d) Tinh di¢n tich A4BC. Tt d6 suy ra d¢ dai duong cao 4H cua AABC.
Cau 66. Trong khong gian toa d0 Oxyz cho ba diém A(3;-4;7),B(-5;3;-2),C(1;2;-3).
a) Chuing minh ba diém 4, B,C tao thanh AABC.
b) Tim toa do diém D sao cho ti giac ABCD 1a hinh binh hanh
¢) Tim toa do trong tam cua AABC.
d) Tinh goc ABC.
e) Tinh d6 dai duong cao BH cua AABC
Cau 67. Cho hinh hop ABCD.A'B'C'D' Biét rang:
A(1;2;-1), B(-L1;3),C(-1;-1;2),D(2;-2;-3)
a) Tim toa do cac dinl} con lai cua hinh th.
b) Tim toa dd giao diém cua hai duong thang BD' va B'D .
¢) Tim toa d0 trong tam cua A4A4'C .
Cau 68. Cho hinh hop ABCD.A'B'C' D" .Bict rang: A(0;2;2),B(0;1;2),C(-1;1;1),C'(1;-2;-1)
a) Tim toa dd cac dinl} con lai cua hinh th.
b) Tim toa do giao diém cua hai duong thang AC' va A'C.
c¢) Tim toa do trong tam cua AB'DD".

i CHUYEN BE 6 ]
) ) BAI TAP ON TAP HQC KY I: (2 tiét)
PHAN I: TRAC NGHIEM Moi cdu héi thi sinh chi chon mét phuong dn.
Ciau 1.Cho ham s§ y = f'(x) c6 dd thi nhu hinh v& bén. Ham s6 da cho ddng bién trén khoang nao

duéi day?

A. (—0-1) B. (-1;1) C. (-1;0) D. (0;1)
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Céu 2.Cho hamsé y=f (x) ¢6 d6 thi 1a duong cong trong hinh bén. Ham s6 di cho nghich bién trén
khoang nao dudi day?

Ay
:~1 0 1l A
A. (-1,0). B. (—o0;—1). C. (0;1). D. (0;+).
Céu 3. Cho ham s6 y = f(x) c6 bang bién thién nhu sau:
X —00 (0] 3 +o0
f(x) + 0 = 0 +

2
f@ | T N -
—00 -4

Gi4 tri cuc tiéu cia ham sé dé cho bang

A. 2. B. 3. C.0. D. 4.
Chu4. Chohamsé f(x) c6 daoham f'(x)=x(x—1)(x+ 4)3 ,Vx € R. S6 diém cuc dai ciia ham
s6 da cho 1a

A. 3. B. 4. C.2. D. 1.
Chu 5. Cho ham s6 y = f(x) lién tyc trén doan [~2;6] va c6 d6 thi nhu hinh v& bén dudi.

y

RN .
Goi M va m lan luot 1a gia tri 16n nhat va nho nhat cia ham sé da cho trén doan [—2;6].

Gia tri cia M —m bang

A. 9. B. -8. C. 9. D. 8.
Chu 6. Gié tri nho nhét cia ham s6 f(x)=x’—21x trén doan [2;19] bang
A. =36, B. 147 . C. 147 . D. -34.
Cau 7. P thi ham sb y= xz——xl-i-l ¢0 tiém can xién la
A y=x. ! B. y=—x. C.y=x+1. D. y=—x+1.

Céu 8. Cho ham s6 bac ba y = f(x) c6 do thi 1a dudng cong trong hinh bén. S6 nghiém thyc cua
phuong trinh f(x)=1 la

o
N
2
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A. 1. B. 0. C. 2. D. 3.
Cau 9: Nguoi ta tién hanh phong van 40 ngudi vé mot mau quan mai. Ngudi phong van yéu cau cho
diém mau quan d6 theo thang diém 1a 100 . Két qua dugc trinh bay theo mau s liéu ghép nhom duoc
cho & Bang 4. Trung vi ctia mau sd liéu ghép nhom do 1a:

A. 75. B. 70,8. C. 78,8. D. 74,8.
Nhém Tén s6 Tén so tich liy
[50:60) 3 3
[60; 70) 5 8
[70;80) 25 33
Céu 10: Moi ngdy béc Huong deu di b dé rén [80;90) 4 37
luyén strc khée. Quang duong di bo moi ngay 90:100 3 40
(don vi: km) ctua bac Huong trong 20 ngay [ ’ )
dugc thong ké lai ¢ bang sau: n=40
Bang 4
Quéng duong (km) [2,7; 3,0) [3,0; 3,3) [3.3;3,6) | [3,6:3.9) | [3,9:4.2)
S6 ngay 3 6 5 4 2

Khoang bién thién ctia mau s6 liéu ghép nhém la
A. 1,5 B. 0.9. C. 0,6. D. 0,3.
Cau 11. Trong khong gian véi hé tryc toa do Oxyz, cho d =(2;-3;3), b =(0;2;-1), & =(3;-L5).
Tim toa d6 clia vecto i = 24 +3b — 27 .
A. (10;-2;13). B. (-2;2;-7). C. (-2-27). D. (-2;2;7).
Cau 12. Trong khong gian Oxyz , cho hai diém A4 (2; —4; 3) vaB (2; 2; 7) . Trung diém cua doan thfmg
AB c6 toa dd 1a
A. (4,-2;10) B. (1;3;2) C. (2;6;:4) D. (2;-1;5)
PHAN II. Céu trac nghiém diing sai. Thi sinh tra 101 tir cdu 1 dén céu 4. Trong moi y a), b), c),
d) & moi cau, thi sinh chon dung hoac sai.
Cau 1. Trong khong gian véi h¢ toa d§ Oxyz , cho a= (1; —2;3) va b= (1;1;—1).
Xét tinh dung sai cua cac ménh de sau:
a) ‘Zz +l;‘ =3. b) ab=-4. ©) ‘ZI —l;‘ =35.d) Vec to cung vudng goc voi vec to avab co toa d6 bang
(—1;—4;3) .
Ciu 2. C6 bao nhiéu s6 nguyén m thudc doan [-20; 20] dé gia tri 16n nhat cia ham sd y = x;—m;6
trén doan [1; 3] 1a sé duong?
Cau 3. Cho ham s ¢6 f(x) ¢6 dao ham la ham f'(x). Do thi ham s f'(x) nhu hinh v& bén.
Biét rang f(O)—f(2) = f(4)—f(3). Gia sir gia tri nho nhat m va gia tri 1on nhat M cia f(x)
trén doan [0; 4]
dat dugc lan luot tai x,vax,. Timx, +x, .
Ay

o
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Cau 4. Mot bac tai xé thong keé lai do dai quang duong (don vi: km) bac da 1ai xe mdi ngay trong mot
thang & bang sau:

D‘-’dal‘%‘gs)gd”‘mg [50; 100) | [100;150) | [150;200) | [200;250) | [250;300)
Sb ngay 5 10 9 4 2

a) Khoang bién thién ctia mau s liéu ghép nhém 1a 250 (km).

b) Khoang tir phan vi ciia mau s6 liéu ghép nhém gan bang 79,17 .

¢) S6 trung binh ctia mau s6 liéu ghép nhom 1a 145.

d) D6 1éch chuin cia mau s6 liéu ghép nhom gan bang 55,68.

PHAN III. CAU TRA LOI NGAN. Thi sinh tra 1oi tir cau 1 dén cau 6.

Cau 1: Cho hinh hép ABCD.A'B'C'D'. Tim gi4 tri cia k thich hop dién vao dang thirc vecto:
BD—-D'D-B'D' = kBB

Cau 2: Trong thyc hanh do hiéu dién thé cua mach dién, An va Binh da dung hai von ké khac nhau
dé do, mdi ban tién hanh do 10 1an va cho két qua nhu sau:

Hiéu dién thé do duoc (Vén) | [3,85; 3,90) | [3,90; 3,95) | [3,95; 4,00) | [4,00; 4,05)

S6 1an An do 1 6 2 _ 1

Sé 14n Binh do 1 3 4 2

Goj do léch chuéq cua cac m:flu s6 liéu ghép nhom cho két qua do cua An va Binh la a va b Tinh a+b
, két qua 1a tron dén hang phan tram. ) ) )
Céu 3. M6t nha phan tich thi truong lam viéc cho mét cong ty san xuat thi€t bi gia dung nhén thay
rang néu cong ty san xuat va ban x chiéc may xay sinh t6 hang thang thi lgi nhuén thu dugc (nghin
ddng) 1a P(x) =—0,3x’ +36x> +1800x —48000. Loi nhuan 16n nhat ma cong ty co thé thu duoc khi
san xuat dung bao nhiéu chiéc may xay sinh t6 mdi thang.

Cau 4. Mot manh vuon hinh chit nhat c6 dién tich bang 900 m?*. Biét chiéu dai ctia manh vuon 1a

x (m) . Goi biéu thtre tinh chu vi cia manh vuon 1a P(x) (mét). Biét rang phuong trinh tiém cén
xién ctia d0 thi ham s6 P(x) 1a y=ax+b. Tinh gid tri biéu thic T =10 +5

Cau 5. Dan s6 clia mot qudc gia sau #(nam) ké tir nam 2023 dugc udc tinh boi cong thir

N(t) =100e”""* (N(¢)

dugc tinh bang tridu ngudi (0 < < 50). DPao ham cta ham sé N(7) biéu thi tc do ting dan sd cia
qudc gia d6 (tinh bang triéu ngudi/nam). Vao nam nao tde do ting dan sb ciia qudc gia do1a 1,6
triéu ngudi/nam

Cau 6: Cho tir dién ABCD c¢6 AB,AC,AD d6i mot vudng goc voi nhau va AD =2,4AB = AC =1.
Goi / la trung diérp cua doan thang BC va G la trong tAm ctia tam gidc ABD. Tinh d¢ dai GI. (
Lam tron két qua dén hang phan tram).

CHUYEN DE 7

PHUONG TRINH VA BAT PHUONG TRINH
A. KIEN THU'C CAN NHO
I. PHUONG TRINH LUQNG GIAC
1. Phwong trinh lugng giac co ban
a) Phuong trinh sinx = m(1)

* V6i |m|>1, phuong trinh (1) v nghiém.

. . . £ n T T .
* Véi |m| <1, goi a la so thuc thudc doan {—E,E} sao cho sinx=m.
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= 2
x=a+k2r (keZ).

Khi @6, ta cé: sinx = m < sinx =sina <
x=r-a+k2x

Chu y
« Ta ¢ mot s6 truong hop dic biét sau cta phuong trinh sinx =m :

sinx=1©x=%+k27r(keZ)

sinx=—1<:>x=—%+k27r(keZ)

siny =0 x =kz(k € Z)
« Néu x 1a goc lugng gidc c6 don vi do 1a do thi ta c6 thé tim goc lwong gidc x sao cho
sinx = sina” nhu sau:
x=a" +k360°
x=180"—a" + k360"
b) Phuong trinh cosx = m(2)

(keZ)

sinx = sina’ < {

* Voi |m| > 1, phuong trinh (2) v6 nghiém.
* Véi |m|<1, goi  1a s6 thue thude doan [0;77] sao cho cosa =m .

x=a+k2r

Khi do, ta co: cosx=m<:>cosx=cosa<:{ (keZ).

x=—a+k2x
Chu y )
* Ta c6 mdt so truong hop dic biét sau cua phuong trinh cosx =m :
cosx=1<:>x=k27r(keZ)

cosx=—lox=r+k2z(keZ)
cosx =0 < x=%+k7r(keZ)

« Néu x la goc luong gidc c6 don vi do 1a do thi ta c6 thé tim goc lwong gide x sao cho
cosx = cosa’ nhu sau:

x=a +k360°

x=-a" +k360°
c¢) Phuong trinh tanx =m

(keZ)

cosx =cosa’ & {

. . X ~ , T T Car ,
Goi «a 1a so thuc thudc khoang (_E’Ej sao cho tanx =m . Khi d6, ta co:

tanx = m < tanx = tana < x=a +kz(k€Z)
Chua y: Néu x 1a goc luong gidc co don vi do 1a d6 thi ta c6 thé tim goc lugng gidc x sao cho
tanx = tana” nhu sau:

tanx = tana” <> x=a’ +k180° (k€ Z)
d) Phuong trinh cotx =m
Goi a 1a sd thuc thudc doan (0;7) sao cho cotx =m . Khi do, ta co:

cotx =m < cotx =cota < x=a+kz(keZ)
Chua y: Néu x 1a goc lugng giac co don vi do 1a d6 thi ta co thé tim goc luong giac x sao cho
cotx = cota’ nhu sau:
cotr=cota’ & x=a" +k180° (ke Z).
2. Phuwrong trinh lwong gigc dwa vé dang co ban
f(x) = g(x) +k2rx

sinf (x) =sing (x) < f(x)=n—g(x)+k2z

(keZ)
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f(x) = g(x) +k2rx
f(x) = —g(x)+k27z
v6i phuong trinh c6 dang:

sin’u (x) =sin’v(x),cos’u (x) = cos’v(x),sin’u (x) = cos’v(x)

cosf(x)zcosg(x)@ (keZ)

ta c6 thé dung cong thirc ha bac dé dua vé phuong trinh dang cosf (x) = cosg ().
- Vi mot s6 phuong trinh luong giac, ta c¢6 thé ding cac cong thire lugng giac va cac bién doi dé
dua vé phuong trinh dang tich 4(x)-B(x)=0.

II. PHUONG TRINH, BAT PHUONG TRINH MU VA LOGARIT

1.Phwong trinh mii
Véi a>0,a=1 thi:

a'V=b e f(x)=log,b véi b>0;
o’ =qt & f(x)=g(x).

III.Phwong trinh logarit
Véi a>0,a#1 thi:

log,f(x)=be f(x)=a".
log, f (x)=log,g(x) = {?Ei; : E)ggcc)lc g(x)>0.

IV.Bit phuong trinh mii
Véi a>0,a=1 thi:

a) Xét bt phuong trinh: o’ > 5.

Néu b <0, tap nghiém cia bat phuong trinh 1a tap x4c dinh cia £ (x);
Néu b>0,a >1 thi bat phuong trinh dua vé: f(x)>log,b;

Néu b>0,0<a <1 thi bat phuong trinh dua vé&: f(x)<log,b.

b) Xét bt phuong trinh: o’ > ™).

Néu a >1 thi bat phuong trinh dua vé: f(x)>g(x);

Néu 0<a <1 thi bat phuong trinh dua vé: f(x)<g(x).

Céc bat phuong trinh ma khac cung loai dugc giai tuong tu.
V. Bat phwong trinh logarit
Vo6i a>0,a =1 thi:

a) Xét bat phuong trinh: log, /' (x)>b.

Néu a>1 thi bt phuong trinh dua vé: f(x)>a’;

Néu 0<a <1 thi bat phuong trinh dua vé: 0< f(x)<a’.

b) Xét bat phuong trinh: log, ' (x)> log,g(x).

Néu a>1 thi bat phuong trinh dua vé&: f(x)> g(x)>0;
Néu 0<a<1 thi bat phuong trinh dua vé: 0< f(x)< g(x).

Cac bat phuong trinh 16garit khac ciing loai dugc giai twong tu.
B. BAI TAP

|Cﬁu héi tric nghiém nhiéu phwong 4n lya ch(_)n|
Moi cau thi sinh chi chon mgt phuong an.

Cau 1. [MD2] Céc nghiém cta phuong trinh sin (% - x] =0 la:

A.x=—%+k7r(keZ). B.XZ%-F]C?T(/{EZ).
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C. x=—%+k27r(keZ). D. x=%+k7r(keZ).
[MB2] Céc nghiém cua phuong trinh 2sin3x++/2 =0 la:
A. w=Z k2 va w=Z k22 (keZ). B. L va
12 3 12 3 12 3
2= k2 (kez).
i) 3
Cox=Zik® vy x=-Z ik (kez). D.ox=-T1k2
12 3 12 3 12 3
_ 3z
k— kel
12 3 ( )
[MD2] Cac nghi¢ém cua phuong trinh cos (x+%j =% la:
A.x=%+k27r Véx=—%+k2ﬂ(keZ). B.x=—%+k2n va

x=%+k27r(keZ).

C. x=k2m va x=—§+k27r(keZ). D.x=%+k7r va x=—%+kﬂ(keZ).
[MD2] Céc nghiém ctia phuong trinh sin®2x =1 la:
Ax="Z41Z (keZ). B. x=kZ (keZ).
4 2 2
C.x=§+k7z (keZ). D.x=%+k% (keZ).

[MD2] Cac nghi¢ém cua phuong trinh tan [x——j NERTE

A.x="—+k2r (kelZ). B. x=knx (keZ).

. x=—%+k7r (keZ).

a
=
Il
+
=
N
—
=
m
Gl
o

[MD2] Cac nghiém cua phuong trinh cot (3x + 2 =1 1a:

Ny
;/

A x=-Z1kn (keZ). B.x=Z4+ikZ (keZ).
6 6 3
C.x:—£+k£ (keZ). D.x:£+k£ (keZ).
6 6 6 2

[MD2] Cac nghiém cta phuong trinh sinx++/3cosx=0 la:
A.x=—%+k7z (keZ). B.x:%+k7r (keZ).
C.x:%+k7z (keZ). D.xz—%+k7r (keZ).

[MB2] Cac goc lugng gidc x sao cho cos(x—15°) =—% 1a:

A. x=165°+k360° va x=-135°+k360° (keZ).
B. x=165°+k180° va x=-135°+£.180° (keZ).
C. x=135°+£k360° va x=-105°+£k360° (keZ).
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D. x=135°+k180° va x=-105°+k180° (keZ).
Cau 9. [MD2] Cac goc lugng gidc x sao cho tan(2x+27°) =tan35° la:

A. x=4°+k180° (keZ) B. x=-4°+k180° (keZ)

C. x=-4°+k90° (keZ) D. x=4°+£k90° (keZ).
Ciu 10: [MB2] Céc géc lugng gide x sao cho sin2x =sin (36’ —x) la:

A. x=12°+£120° va x=144°+k360° (keZ).

B. x=12°+£120° va x=48°+k120° (keZ).

C. x=12°+k360° va x=144°+£120° (keZ).

D. x=35°+k360° va x=144°+£k360° (keZ).

Cau 11: [MD2] S6 nghiém ctia phuong trinh cosx=1 trén khoang [—%,97”} la:
A. 1. B. 2. C. 4. D. 3.
A £ A . . | , Sz S |,
Cau 12: [MD3] S6 nghiém cta phuong trinh smxzﬁ trén khoang —7;7 la:
A. 2. B. 5. C. 4. D. 3.
Ciu 13: [MBD2] Cac nghiém cia phuong trinh cos’ x—sin’ x =0 la:
V4
A x=Z41Z (keZ). B.x=—+krn (keZ).
4 2 4
V4 T
C.x=5+k72 (keZ). D.x=—z+k7z (keZ).

Cau 14: [MD2] Céc nghiém cia phuong trinh cos(Zx—%j =cos6x la:

A. x:—zT”+k27rVé x=r+k2x (keZ).

B. x=—§+k27rvé x=%+k27r (keZ).
C.x=k2zvax=rn+k2z (keZ).

D.x=—2 i Zvax="4iZ (keZ).
8 2 16 4

3 4
Cau 15: [MP1] Nghiém cua phuong trinh (5] =§ la:
A x=-2. B. x=—/2. C.x=4/2. D. x=2.
Cau 16: [MD2] Nghiém cta phuong trinh 277 =4 Ia;
A . x=-1lvax=2. B. x=0 va x=1.
C.x=1va x=-2. D. x=0va x=2

Cau 17: [MP2] Tong cac nghiém ctia phuong trinh 55210 1a

A. 3. B. log, 10. C.3. D. —log,10.

3-2x
Cau 18: [MD2] Nghiém ctua phuong trinh (%) =5"1a

A, x=-3. B. x=5. C. x=-5. D. x=3.

Céu 19: [MD2] Nghiém cta phuong trinh log,,, (x2 - 1) =% 1a

A x=12. B. x=+/10. C.x=2. D. x=+/10.
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Ciu 20: [MP2] Tich cic nghiém cta phuong trinh log, (x* —2x)=3 la:

A. 8. B. 6. C. -8. D. 6.
Ciu 21: [MB2] S6 nghi¢m cia phuong trinh log, (x* —2x) = log, (3x - 6) la:
A. 2. B. 0. C.3. D. 1.
Céu 22: [MD2] Nghiém cta bat phuong trinh (0,5)" >3 la:
A. x>log, 3. B. x<log,,3. C. x<log,0,5. D. x >log,0,5.

Céu 23: [MP2] Tap nghiém cuia bat phuong trinh (0,2))(2 >1 la:

A. OJ. B.R\{O}. C. (0;+oo). D. R.
Ciu 24: [MP3] Tip nghiém ciia bt phuong rinh (2-+3) > (2443) " I

A. (2;+oo). B. (—4;+oo). C. (—00;2). D. (—oo;—4) .
Cau 25: [MD3] Tap nghiém cua bat phuong trinh log 1(2x-6)<-21a

2

A. (3;5). B. (—00;5). C. (3;+oo) D. (5;+oo).
Cau 26: [MD3] S6 nghiém nguyén clia bat phuong trinh log, (2x-3) <log,; x” la:
Al B. 2. C.0. D. v sb.

3 N Ciu trac nghiém ding sai
Trong moiy a), b), c), d) 6 méi cdu, thi sinh chon dung hodc sai.

Cau 27: [MP3] Cho phuong trinh cos (%—xj — sin’ (3x+ %j .

1—cos| 6x+ z
R Loz . 1+cos(7z—2x) 2
a) Ha bac hai v¢, ta dugc phuong trinh: 5 = 5 .

b) Ta co: cos(7z—2x)=cos2x.
¢) Phuong trinh da cho dwa vé dang: cos2x = cos 6x .

d) Nghi€m cua phuong trinh da cho la: x = k%(k eZ).
Loi giai

Ta c6: cos(7—2x)= —cos[6x+%} < cos(7r—2x) = cos(%—@cj

7r—2x:£—6x+k27r x:—£+k£

o 2 o 38 2 ke
7z—2x=—£+6x+k27z x=—”+k£
2 16 4

Pap an: a)D,b) S,¢)S,d) S
Cau 28: [MD3] Cho phuong trinh cos2x =sin [%—xj voi xe[0;7].
\ . (
a) Ta c6: cos2x =sin (E - 2x] .
. . (7 . A1 T .
b) Phuong trinh sin (E - 2xj =sin (Z - xj c6 cac nghiém la: x = 1 +k2x va
x=%+k2ﬂ(k el).

¢) Phuong trinh da cho ¢6 hai nghiém thudc doan [0;7].
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d) Tong cac nghiém cua phuong trinh da cho trén doan [0;7] 1a 5?7[ :
Cau 29: [MBD3] Cho phuong trinh: sin 4x +sin 2x = cos4x + cos 2x .

a) Dung cong thirc bién doi tong thanh tich, vé trai ciia phuong trinh dua vé dang:

sin3xcosx .

b) Dung cong thirc bién d6i tong thanh tich, vé phai ciia phuong trinh dwa vé dang:

cos3xcosx.

c¢) Nghiém cua phuong trinh da cho la nghiém cua phuong trinh cosx =0 va phuong

trinh sin3x =cos3x.

d) Nghiém cua phuong trinh da cho la: x =427 va x= % + k%(k €Z).

Ciu 30: [MP3] Hang ngay muc nudc tai mot cang bién 1én xudng theo thiy chidu. Chiéu cao
h(m) ctia myc nudce theo thoi gian ¢(gio) trong mot ngdy duge cho béi cong thire

h=14+83in(%tj voi 0< 1 <24,

a) Liic 6 gio sang thi chiéu cao ciia muc nude bién 13 cao nhat
b) Chiéu cao ctia myc nude bién thap nhat vao luc 12 gid
¢) Muc nudc tai bén cang cao 18 m vao luc 2 gid 10 phut
d) Biét tau chi vao duoc cang khi muc nudc trong cang khong thap hon 18 m. Vay thoi
gian tau vao dugc cang 13 tir 10 gio sang hom trudc dén 2 gio sang hom sau.
1

Cau 31: [MP3] Cho bét phuong trinh 47+ > [gj

a) Taco: 4= 22%: 27,

b) Bat phwong trinh d4 cho tuong duong véi bt phuong trinh
2(3(2 +50) = —3(x—x2)
¢) S6 nghiém nguyén ciia bat phuong trinh 1a 6.
d) Tich nghiém nguyén 16n nhat va nghiém nguyén nho nhat cta bat phuong trinh 1a —4.
Cau 32: [MD3] Cho bit phuong trinh log | (—x2 +7x+ 18) >-2.
32
1
a) Tacd: 0<—=<1.
) 32

b) Bat phuong trinh da cho 1 nghiém cta bat phuong trinh

-2
1
2
—x +7x+18<| —=
(3\5 j
¢) S6 nghiém nguyén ciia bat phuong trinh 1 2.
d) Téng cac nghiém nguyén ctia bat phuong trinh 1a 14.

12 °

1
Cau 33. [MD3] Muc cuong do am L ( don vi dB) dugc tinh boi cong thie L = IOIOgT trong

d6 I (donvi: W/m®) 1a cuong do ctia am (Nguon: R. Larson and B. Edwards, Calculus
10e Cengage). Mot nguoi dung gitia hai loa 4 va B. Khi loa A4 bat thi nguoi d6 nghe dugc
ém c6 muc cuong do 80 dB. Khi loa B bat thi nghe duoc ém‘c() muc cuong d6 90 dB.
Neéu bét ca hai loa thi cuong d§ am tac dong vao tai ngudi bang tong cuong do am cua
hai loa do.

a) Cuong do am cua loa 4 1a 10*.10* (W / m?).

b) Cuong d6 am cua loa B 1a 10°.107"*(W / m?) .

c) Cuong do am tac dong vao tai nguoi khi bat ca hai loala 10'°.107"* (W / m?).

d) Néu bat ca hai loa thi nguoi d6 nghe duge am c¢6 mirc cuong d6 1a 90,4 dB.
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Cau 34.

Cau 35.

Cau 36.

Cau 37.

|Cﬁu trac nghiém tra loi ng{in|

[MP4] Mirc cudng Hoi Lim ( tinh Bic Ninh) vao mua xuan thuong cb trd choi danh du.
Khi nguoi choi du nhun déu, cdy du s& dua ngudi choi du dao dong quanh vi tri cin bing
(Hinh 1). Nghién ctru trd choi ndy, ngudi ta thiy khoang cach 4 (m) tir nguoi choi du dén
vi trf cAn bang dugc biéu dién qua thoi gian 7 (s) (véi ¢ > 0) boi hé thire 7 =|d| voi

d =3cos {%(% - 1)} , trong d6 ta quy udc d > 0khi vi tri cin bang & phia sau lung nguoi
choi du va d < 0 trong trudng hop nguoc lai (Nguon : R. Larson and B. Edwards,

Calculus 10° Cengage). Tim thoi diém dau tién ma khoang cach / 1a 16n nhat. (Viét két
qué dudi dang so thap phan).

Hinh 1

[MP4] Mot cay cau c6 dang cung AB ctia d6 thi ham s6 y = 4,8 cosg va dugc mo ta trong

hé truc toa d6 v&i don vi truc 1a mét nhu & Hinh v&. Mot sa lan chd khoi hang hoa duoc
xép thanh hinh hop chit nhat véi d cao 3,6m so véi muc nudc song. Hoi chiéu rong cua
khéi hang hoa d6 16n nhat 13 bao nhiéu mét dé sa lan c6 thé di qua dugce gam cau (1am tron
két qua dén hang don vi)?

A
4 4,8

A B
om 0 on ¥
p 2

[MD4] Trong mét thi nghiém, mot quéa cau duoc gin vao mot dau ddy dan hoi, dau kia cua
soi day duoc gin ¢d dinh vao mot thanh treo nim ngang. Sau khi qua cau duogc kéo xubng
va tha ra, n6 bét dau di chuyén 16én xudng. Khi dé, chiéu cao h(cm) clia qua cau so voi
mit dét theo thoi gian () dugc cho bdi cong thitc h=100-30cos20z. Tinh thoi diém
dau tién ma qua cau dat chiéu cao cao nhat ké tir khi qua cau duoc tha ra (1am tron két qua
dén hang phan tram).

[MP4] Trung binh sau mdi nim sir dung, gia tri con lai ciia mot chiée 6 t6 giam di 6% so
voi nam trude dé. Gia sa mot chiée 6 t6 lac méi mua la 800 triéu déng. Hoi sau it nhat
bao nhiéu nam st dung thi gia tri con lai cua chiéc 6 t6 d6 nho hon 600 triéu déng (lam
tron két qua dén hang don vi)?
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Cau 38. [MD4] Cic nha khoa hoc xac dinh dwoc chu ki ban rd cia'/C 1a 5730 nam, tic 1a sau

- v A A 514 <o . A ;) A A \ A r 14
5730 nam thi s6 nguyén t¢ 'C giam di mot nira. Mot ciy con song ¢6 lugng 'C trong

cdy dugc duy tri khong d6i. Nhung néu cay chét thi luong '/C trong cdy phan ra theo chu
ki ban rd ctia n6. Cac nha khao c6 da tim thdy mot mau gd cb va do dugc ti 1¢ phan trim
lugng "*C con lai trong miu gd c6 d6 so véi lic con sinh truong 1a 75%. Hoi mau gd co
d6 da chét cach day bao nhiéu nam (lam tron két qua dén hang don vi)?

Ciau 39. [MP4] C6 Lién giri 100tridu dong vao ngan hang theo hinh thirc 13i kép c6 ki han 1a 12
thang véi 13i sudt 6% mot nam. Gia sir qua cac nam thi 13i suat khong thay doi va co Lién
khong guri thém tién vao mdi nim. Hoi sau it nhat bao nhiéu nim thi sd tién c6 Lién co
dugc ca gbe va 13i nhiéu hon 150 triéu dong (Iam tron két qua dén hang don vi)?

’ ‘ CAP SO CONG VA CAP SO NHAN
A.KIEN THU'C CAN NHO
L. CAP SO CONG
1. Dinh nghia

Day s0 (u, )lacapsocongnéu u, =u, ,+d véi n>2, dla so khong doi.

n-1
S6 d goi la cong sai ciia cdp sb cong, d = u,—u, voinx2.
Néu’d =0 tl}i cap sb cong la mot diy sé khong doi.
2. S0 hang tong quat
Cho cép s cong (u,) c6 s6 hang dau u, va cong sai d, ta c:
u,=u, +(n—1)d véi n>2.
3. Tong n s6 hang dau
Cho cép s6 cong (un) 6 s6 hang dau u, vacongsai d . Dat S, =u, +u, +...+u,, ta co:

s - (ul +2un)n hodc S, = [2u1 +(r12—1)d]n‘

II. CAP SO NHAN

1. Pinh nghia

Diy s6 (u,) la cép so nhan néu u, =u__.q v6i n>2, qla sd khong doi.
S6 ¢ goi la cong boi cia cap sb nhan. Néu u, # 0 véimoi ne N thi

q= M vsin22.
un—l

Néu ¢ =1 thi cap s6 nhan 1a mot day s6 khong doi.

2. S6 hang tong quat

Cho cép s6 nhan (un) ¢6 sb hang dau u, vacong boi g, ta co:

n—1

u,=u.q" véinx2.
3. Tong nsb hang dau
Cho cap s6 nhan (un) ¢6 sb hang dau u, va cong boi q(q # 1).

bat S, =u, +u, +...+u,, taco:

5 i)
1-¢

C. BAI TAP

N Dang 1. Cau trac nghiém nhiéu phwong an lwa chon
Moi cau hoi thi sinh chi chon ngétphmmg gin. o
Cau 1. (MP1)Trong cac day so sau, ddy so nao khong 1a cap s6 cong?

A. 2;0;-2;-4;-5. B. l;—l;—g;—i;—z.

272 2 2 2

Té Toan — Tin — Trwong THPT Lé Hong Phong 87



TAI LIEU ON TAP TOT NGHIEP THPT NAM 2024 - 2025

C. V2:42;42:42;42. D. -7;-4;-1;2;5.

Céu 2. (MP2)Trong cic diy s6 (un ) v6i s6 hang tong quat sau, ddy nao 1a cap sb cong?

A. u,=32" B..u,=3-2n. C.u,=2"+3. D.u,=2+n.
Céu 3. (MP2)Cho cép s cong (u, ) biét u, =-2;u, =18. S6 hang u,, bang:

A. 38. B. 20. C. 43. D. 33.
Cau 4. (MD3)Cho (un )la cap s6 cong c6 u, +u,, = 48.S6 hang u,, bang:

A. 48. B. 24. C. 96. D. 72.

Ciu 5. (MD3)Ch0(un) 1a cap s6 cong ¢6 u, =Su, va u, =2u, +5. S6 hang ddu u, va cong sai d

cta cap so cong do la:

A. u, =-3;d =4. B. u, =3;d =4. C.u =4,d=3. D. u, =—4;d =3.
Cau 6. (MP3)Mot cap s6 cong co sd hang dau u, =%, cong sai d =—1. Tong n s hang dau tién

clia cap s6 cong d6 bang —425 . Gia trj cia n bang:

A. 30. B. 60. C. 45. D. 15.
Cau 7. (MP3)Cho (u,) 1a cap s6 cong co u, +u, =15. Tong 10 sb hang dau tién ciia cp s6 cong do
bang:

A. 150. B. 75. C. 120. D. 90.
Cau 8. (MD3)Cho (u,) la cap s6 cong. Goi S la tong n sO hang dau cua cip sd do. Biét
S,, =365;S,, =435. Cong thirc ciia s6 hang tong quét u, 1a:

A. u, =50-3n. B. u, =53+3n. C.u,=50+3n. D. u, =53-3n.

n+l
Cau 9. (MP1)Cho diy sb (u,) voi u, = 3(%) 1a cap s6 cong. Khang dinh nio sau day la ding?
A. (u,) khong phai 1a cap s6 nhan.
B. (u,)la cap sb nhan c6 s6 hang dau u, =3cong boi g =—.

C. (u,)1a clp s nhan c6 s6 hang dau u, = % cong bdi g =

= o= NI

D. (u,)1a cap s nhéan c6 s6 hang dau u, = % cong boi g =

Cau 10. (MD3)Trong cac diy sd (un ) v6i s6 hang tong quét sau, ddy s6 nao 1a cap s6 nhan?
1 1 1 1

Aoy, =—-1. B.u,=—n-1. Cou,=—. D.u, = .
5" 5 5" Sn—1

Céu 11 (MP3)Cho cép s6 nhan (u,)c6 u, =—1 va cong bdi g = —%. S6 —1; 1a s6 hang thir may

2024
0

ctia cép s6 nhan? )
A. SO hang thir 2024 . B. 56 hang thir 2025 .
C. SO hang thur 2023. D. S6 hang thtr 2026 .

Céu 12. (MP3)Cho cap sb nhan (u,)c6 u, = %;u4 =-9.Cong bdi ¢ cua cip s6 nhan la:

A.l. B. ——. C. -3. D. 3.
3 3

4 L 1 . * 4 4
Cau 13. (MP3)Cho day 6 (u,) bict u, =2 va u, = 2 o véi ne N". S6 hang tong quat cua day
s6 la:

Aou = 1 1 1 1

=R B.u, = =R C.u, =2—n. D.u =

Céu 14. (MDP3)Cho cép s6 nhan (u, ) biét u,u; =-243. Tich u,u, bing:
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A. —81. B. -243. C. 8l. D. 243.
Céu 15. (MP2)Cho (u,) 1a cap s6 nhan c6 sb hang ddu u, = -3, cong bdi ¢ =-2. Tong 10 s6 hang

dau cua cap sd nhan d6 1a:
A. 1023. B. —-1025. C.1025. D. -1023.
Cau 16. (MDP3)B6n goc clia mot tir giac tao thanh cap sd nhan va goc 16n nhét gap 27 lan goc nho
nhat. Téng ctia goc 16n nhat va goc nho nhat bang:
A. 243" B. 252°. C. 102". D. 168".
Dang 2. Cau tric nghiém ding sai
Trong moi y a), b), ¢), d) & méi cdu, thi sinh chon ding hodc sai.

Céu 17. Cho day sb (un) 6 tong n s6 hang dau dugc tinh béi cong thirc S =n’ —%n .
a) Ta co: S, =—%;S2 =1.

b) S6 hang thi hai cta day s6 1a u,=1.

¢) SO hang tong quat cua diy s 1a u, = —%+ 2n.

d) Day s6 (un) 1a mot cap s cong c6 cong sai la 2.

. X . . +2 . «
Cau 18. Cho day s0 (u,) bict u, =1lu,, = 1 u?i V6i neN . Pitv =227 véi neN'.
- ul‘l un
a) v, =3.
b) Day sb (vn) 1a mot cap sb cong co cong sai d =4.

c) Cong thirc ctia s6 hang tong quét v lav =7-4n.

d) Cong thirc ctia s6 hang tong quat u, lau = T an
—4n

voi neN".

. , . X . 1-
Cau 19. Cho day s0 (u,) c6 tong n s6 hang dau dugc tinh béi cong thirc: S, = e

a) S6 hang thir nhat ctia day s6 1a u, = 3.
b) S6 hang thir hai cua day s6 1a u,=-4.

¢) Sb hang tong quat ctia day s6 1a u, = =g

d) Day s6 (un) 1a mot cap s nhan c6 cong boi 1a —%.

Céu 20. Cho day sd (u, ), biét u, =-17, u,,, =5u, —12 véi ne N . Dt v, = 3_2u” v6i neN'.
a) v, =10.

b) Day s ( v,) la mot cap sb nhan c6 cong boi bang %

A 7 5 A A ’ \ 2
c¢) Cong thtrc ctia so hang tong quat v, 1a v =—.

d) Cong thirc clia s6 hang tong quat u, 1a u, =3-4.5".
) Dang 3. Cau trac nghiém tra 10i ngin ) )

Cau 21. Mot nha thi dau c6 20 hang ghe danh cho khéan giad. Hang thtr nhat c6 30 ghé, hang thir hai
o 31 ghe, hang thir ba c6 32 ghé,... Ctr nhu thé, s6 gh€ ¢ hang sau nhiéu hon s6 ghé ¢ hang ngay
truge la 1 ghe. Trong mot giai thi dau, ban t6 chirc da ban dugc hét s6 veé phat ra va s6 tién thu duoc
t ban vé 1a 63200000 dong. Tinh gié tién cua moi vé (don vi: nghin dong), bict s6 vé ban ra bang
s6 ghé danh cho khan gia ctia nha thi ddu va cac vé 1a dong gia.

Céu 22. Cho tp hop 4 gdm 99 s6 tu nhién lién tiép khac nhau 4 ={1;2;3;...;99}. Tim s cach
chon ba s6 khac nhau tir tap hop 4 dé ba s6 d6 lap thanh cip s cong.
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Céu 23. Anh Minh ki hop dong lao dong c6 thoi han & mot cong ty véi phuong an tra lwong nhu
sau: Quy thtr nhat, tién luong 1a 27 tri¢u. Ke tir quy thr hai tré di, moi quy tien lvong dugce tang 2,1

triéu. Tong s tién lwong anh nhan duoc trong cac nam di di 1am 1a 684 triéu dong. Hoi anh Minh
da lam ¢ cong ty d6 bao nhiéu ndm?

Céu 24. Mot qua bong duge tha thang ding tir d6 cao 10 m roi xudng dat va nay 1én. Gia sir sau mdi
mdt 1an roi xudng, né nay 1én duge mot do cao bang 75% do cao vira roi xudng. Tinh tong quang
dudng qua bong di chuyén duoc ké tir lac tha xudng dén khi qua bong cham dat 1an tha 10 (1am tron
két qua dén hang phan muoi cia mét).

Céau 25. Mot tam giac déu c6 canh bang 4 cm . Chia tam giac déu d6 thanh 4 tam giac déu bang nhau
va t6 mau tam gidc ¢ trung tAm. Véi mdi tam gidc nhé chua duoc t6 mau, lai chia thanh 4 tam giac
déu bang nhau va t6 mau tam giac & trung tm (Hinh 1). Ct nhu thé, qua trinh trén duoc 1ap lai. Tinh
tong dién tich phan da dugc t6 mau & hinh t6 tha 5(don vi: cm?, lam tron két qua dén hang phan
tram).

Hinh 1
Cau 26. Cho hinh vudng C, c6 canh bang 4 cm. Nguoi ta chia mdi canh hinh vudng C, thanh b6n
phén bang nhau va ndi cac diém chia mot cach thich hop dé c6 hinh vuéng C,. T hinh vudng C, lai
lam tiép tuc nhu trén dé co6 hinh vudng C.Cuo tiép tuc qua trinh nhu trén, ta nhan dugc day cac hinh
vuong C,,C,,C,,...,C,,... nhu Hinh dudi. Tinh dién tich cua hinh vuéng thtt 6 (don vi: cm?, lam
tron két qua dén hang phan trim).

HINH HQC KHONG GIAN

A.KIEN THUC CAN NHO

I. QUAN HE VUONG GOC TRONG KHONG GIAN

1. Hai dwong thiang vudng géc

Hai duong thang a va b dugc goi la vudng goc v6i nhau néu goc giita ching bang 90°, ki hiéu
alb.

2. Puwong thing vudng goc véi mit phing

a) Pinh nghia

Puong thang d dugc goi 1a vudng gdc véi mat phang (P) néu duong thang d vudng goc voi moi

duong thang trong mit phing (P) (Hinh 1), kihiéu d L (P) hodc (P) 1ld.

Té Toan — Tin — Trwong THPT Lé Hong Phong 90



TAI LIEU ON TAP TOT NGHIEP THPT NAM 2024 - 2025

d

o

Hinh 1

b) Déu hié¢u nhén biét

Néu mot duong thang vudng goc voi hai dudng thang cit nhau cung thude mot mit phang thi no
vudng goc voi mit phing ay.

¢) Tinh chit

« C6 duy nhat mot mat phang di qua mot diém cho trude va vudng goc véi mot dudng thing cho
trude.

« C6 duy nhat mot duong thang di qua mot diém cho trude va vudng goc véi mot mit phang cho
trude

« Cho hai duong thing song song. Mot mit phing vudng goc voi duong thang nay thi ciing vudng
goc voi dudng thang kia.

« Hai dudng thing phan biét ciing vudng goc véi mot mit phang thi song song véi nhau.

« Cho hai mit phang song song. Mot duong thing vudng goc voi mit phang nay thi cling vudng goc
v6i mit phing kia.

« Hai miat phang phan biét ciing vudng goc vi mot dudng thang thi song song véi nhau.

d) Dinh 1i ba duong vudng goéc

Cho duong thing a khong vudng goc voi miat phang (P) va duong thang d nim trong mit phang

(P). Khi d6, d vudng goc véi a khi va chi khi d vudng goc vai hinh chiéu vudng goc a' cia a

trén (P) (Hinh 2).
(i = /

Hinh 2

3. Hai mit phing vuéng goc

a) Dinh nghia

Hai mit phing (P) ,(Q) cit nhau tao nén bon goc nhi dién. Néu mot trong cac goc nhi dién d6 1a
goc nhi dién vudng thi hai mit phang (P) ,( Q) goi la vudng goc voi nhau, ki hiéu (P) L (Q) .

b) Déu hié¢u nhén biét

Néu mit phang nay chira mot duong thang ma dudng thang d6 vudng goc voi mit phang kia thi hai
mit phang d6 vudng goc véi nhau.

¢) Tinh chit

« Néu hai mat phang vuong goc voi nhau thi bét cir duong thang ndo nam trong mat phang nay va
vudng goc vai giao tuyen cling vudng gbc v6i mit phang kia.

« Néu hai miat phang cit nhau va cling vudéng goc véi mat phang thi ba thi giao tuyén cua chiung
vudng gbc v6i mit phang thi ba do.

II. GOC TRONG KHONG GIAN

1.Géc giira hai dwong thang trong khéng gian

Goc giita hai duong thing a va b trong khong gian 1a goc giita hai duong thang o' va b’ cung di
qua mot diém O va lan luot song song (hodc trung) véi a va b (Hinh 3), ki hi¢u (a,b) hodc

(a,b).
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b /
a B
.
Hinh 3
Nhan xét: Goc giita hai duong thang trong khong gian c6 sé do tir 0° dén 90°.

2. Goc giira dwong thing va mit phang
Cho duong thang d va mit phang (P) , ta ¢6 dinh nghia sau:

» Néu dudng thang d vudng gbe véi mit phing (P) thi goc gilta d va (P) bang 90°.
« Néu duong thang d khong vudng gbc v6i mit phang (P) thi goc gitta duong thang ¢ va mat
phang (P) 1a goc gitta d va hinh chiéu d’ clia dudng thang d trén (P) (Hinh4), ki hiéu (d ,(P))

o

M

il H

Hinh 4
Nhan xét: Goc gitra duong thang va mat phang cé s6 do tir 0° dén 90°.
3. Géc nhi dién
* G6c nhi dién 1a hinh gém hai ntra mat phfmg ¢6 chung bo; ki hiéu [P,d ,Q] hoac [M ,d,N ] , trong
do (P),(Q) 1a hai nira mt phang c6 chung bo 1a duong thing d va M, N 1a cac diém lan luot
thudc hai nira mat phéng (P),(Q) . Buong théng d goi la canh cta goc nhi dién, mdi nira mat

phfmg (P),(Q) goi la mot mat cia goc nhi dién.

</

d

7% )57

Cho goc nhi dién. Mot goc c¢6 dinh thude canh cia goc nhi dién, hai canh cta goc d6 1an luot thude
hai mdt nhi dién va cung.vuong goc véi canh ctia gdc nhi dién, duge goi 1a goc phéng nhi dién cua
g6c nhi dién da cho.

* S do ciia mot goc phfmg nhi dién dugc goi la s6 do cua goc nhi dién do.

« Néu sb do goc phing nhi dién bang 90° thi goc nhi dién d6 goi 1a goc nhi dién vudng.
Nhan xét: Goc nhi dién c6 sb do tir 0° dén 180°.

I1I. KHOANG CACH TRONG KHONG GIAN

1. Khoang céch tir mot diém dén mot dwong thang
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Khoang cach tir diém M dén duong thing A 1a khoang céch tir diém M dén hinh chiéu vuéng
gbc H cua M trén A, kihiéu d(M,A).
2. Khoang cich tir mjt diém dén mét mit phiang
Khoang cach tir diém M dén mat phang (P) 1a khoang cach tir diém M dén hinh chiéu vudéng goc
H cia M trén (P), ki hiéu d (M ,(P)).
3. Khodng cach giira hai du’(‘)'nﬂg thing song song 7 ’
Khoang cach gitra hai duwong thang song song A va A’ 1a khoang cach tir mot diém bat ki thude
dudng thang nay dén duong thang kia, ki hidu d(A,A").

4. Khoang cach giira dwong thang va mit phing song song
Cho duong thang A song song véi mit phang (P) . Khoang céch giita duong thang A va mat

phing (P) 1a khoang cach tir mot diém bat ki thudc dwong thang A dén mat phang (P) , ki hi¢u

d(A,(P)).

5. Khoang cach giira hai mit phing song song

Khoang cach giira hai mit phang song song (P) va (Q) 1a khoang cach tir mot diém bat ki thudc
mit phang nay dén mat phang kia, ki hiéu d ((P) , (Q)) .

6. Khoang cach gifra hai duwd'ng chéo nhau

Cho hai duong thang a,b chéo nhau.

« C6 va chi c6 mot duong thang ¢ vira vudng goc, vira cit ca hai duong thang a,b, goi 1a dudng
vudng goc chung cta hai dudng thang gé. 7 7

* Doan thang c6 hai dau mut 1a giao diém cua duong thang ¢ véi hai duong thang a,b goi 1a doan
vudng goc chung ciia hai dudng thing do. 7 7

* B¢ dai doan vudng goéc chung cta hai duong thang a,b goi la khoang cach giira hai duong thang
do, ki hi¢u d(a,b).

Nhén xét

* Goi (P) 1a m3t phang chira b va song song véi a, hinh chiéu cia a trén (P) 1a @', giao diém
cia @' va b 1a K, hinh chiéu ciia K trén @ 1a H (Hinh @). Khi d6 HK 13 doan vudéng goc chung
cua a va b.Ngoaira, d(a,b)=HK = d(a,(P)).

I a

fa

Hirh &

Trong truong hop déc biét ab, tacod thé xac dinh nhu sau: Goi (P) la mat phéng chtra b va vuong
gbe véi a, giao diém cua a va (P) la H, hinh chiéuciia H trén b 1a K (Hinh 7). Khi d6, HK 1a

doan vuong goc chung ciia a va b.

IV. THE TICH CUA MOT SO KHOI DA DIE
* Cong thuc tinh thé tich cua khoi lang tru: V' = Sh.
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Trong do V,S,h lan luot 1a thé tich, dién tich day, chiéu cao cua khdi lang tru.
« Cong thire tinh thé tich cta khdi chép: V = %Sh .

Trong d6 ¥, S,k 1an luot 1a thé tich, dién tich day, chiéu cao cia khdi chop.

+ Cong thirc tinh thé tich ciia khéi chép cut déu: ¥ = %h (5,455, +5,).

Trong do6 V,h,S,,S, lan luot 1a thé tich, chiéu cao, dién tich hai d4y cua khdi chop cut déu.
B. BAI TAP , ‘
Dang 1: Ciu héi trac nghiém nhiéu phwong an lya chon
Moi cau thi sinh chi chon mgt phuong an.
Cau 1. [MDP1] Cho hinh choép S.4BCD c6 day ABCD 1a hinh vuéng va SD 1 (4BCD). Budng
thang AC vudng goc v4i mit phing nao trong cac mit phang sau?
A. (S4B). B.(S4D). C.(SCD). D. (SBD).
Cz‘}u 2. [MD2] Cho hinh chop tir giac fiéu S.ABCD, Ola giao diém ctua AC va BD, M la trung
diem AD . Go6c nao sau day la goc phang nhi dién cta goc nhi dién[B, AD,S]?
A.S4B.  B.SDB.  C.SMO. D.SMB. ﬂ
Cau 3. [MDP1] Cho duong thang a va hai mat phang (P),(Q) vudng goc voi nhau. Phat bieu nao
sau day la ding vé d}r(‘mg thefmg a? 7 7 i
A. Puong thang a nam trong mat phang (P) thi vudng goc véi moi dudong thang nam trong
Q). 7 ‘ 7 ,
B. Buong thang a nam trong mat phang (P) thi vudng goc vdi giao tuyen cua (P) va (Q).
C. Puong thang a vudng goc v6i mit phang (Q) thi a ndm trong mit phang (P)
D. Puong thang ¢ nam trong mat phang (P) va vudng goc véi giao tuyén cua (P),(Q) thi a
vudng goc v6i mit phing (Q) .
song véi (P)
C‘ﬁu 4. [MD2] Cho hinh 1ap phwong ABCD.A'B'C'D' . Géc giita hai dudng thang AC va A'B
bang:
A. 30°. B. 45°. C. 60°. D. 90°. o
Cau 5. [MD3] Cho hinh chop tir giac déu S.ABCD c6 tat ca cac canh déu bang a. Goc gilta duong
thing SA véi mit phang (ABCD) bang:
A. 30°. B. 45°. C. 60°. D.90°. o
Cau 6. [MD2] Cho hinh chop tir gidc déu S.ABCD co tat ca cac canh déu bang a . Khoang cach tir
dinh dén mat day bang:

A.a. B. “\2/5. C. V2. D.%.

Cau 7. [IMD3] Cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 AA'=2a, A'B'=2a, A'D'=a.
Khoang céch tir dudng thing 44’ dén mit phang (BDD'B’) bang:

A.

205 g o cfp 2
5 2 2
Cau 8. [MD2] Cho khéi chop ¢6 dién tich ddy 1a 3a® va chiéu cao 1a a. The tich cta khoi chop d6
bang:

3

A. 34 B. 4. C. %.D. 94°.

Céu 9. [MP1] Cho khdi lang try co dién tich ddy 1a 3a* va chiéu cao 13 a. Thé tich cta khbi ling
tru d6 bang:
3

A. 3d’. B. 4. C. %.D. 94"

Dang 2: Tric nghiém ding-sai
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Trong mdi ¥ a) b) ¢) d) & mdi cau thi sinh chon diing hoic sai. .
Cau 10. Cho hinh chop S.ABCD c6 day ABCD 1a hinh vudng canh a, S4B la tam giac deéu va
nam trong mit phang vudng goc v4i mit phing (ABCD). Goi H latrung diém cta AB .

a) SH L(ABCD).
b) Goc giira duong thang SC va mit phing (ABCD) bang SCA.

c) CH=#.

d) Goi « 1a goc giita duong thing SC va mit phang (ABCD). Gié tri cosa bang %

Cau 11. Cho hinh chép S.ABCD c6 S4 L (ABCD),ABCD 1a hinh thoi canh g, AC =a, SA=

Goi H 14 hinh chiéu cia S trén canh CD.
a) AH L CD.

by A =43

2

¢) Géc SDC 1a goc phang nhi dién ciia goc nhj dién [S ,CD, A] .

d) Sé do cua goc nhi dién [S,CD, 4] bang 30°.

Cau 12. Cho hinh lap phuong ABCD.A'B'C'D’.

a) Goc giita hai duong thing AB va A'C’ bang 45°.

b) Goi a 1a goc giira duong thing A'C va mit phing (A'B'C'D). Gia tri tana bang V2.

¢) Goi S 1a sb do cua géc nhi dién [B, 4'C',B']. Gi4 tri tanf bang %

d) Sé do cuia géc nhi dién [B', 4'C,D'] bing 120°.

Ciu 13. Cho hinh lang try ABC.A'B'C' ¢6 (4'ABB') L (ABC), A4’ =2a, A 4B = 60" . Goi H 12
hinh chiéu cia 4’ trén 4B. ‘

a) Khoang cach gitra hai dudng thang chéo nhau 4'C’ va 4B bang khoang cach gilra hai mat
phing (A4'B'C') va (ABC).

b) A'H khong phai la doan vudng goc chung ciia hai duong thang chéo nhau A'C’ 'va AB.

¢) AH =a\3.

d) Khoang cach giita hai duong thang chéo nhau A'C’ va AB bang a.

Céu 14. Cho hinh lap phuong ABCD.A'B'C'D" c6 canh bang a.

a) Khoang cach gitra hai duong thang 4B va DD’ bang a.

b) Khoang céch tir diém B dén mit phang (ACC'A’) bang a

2
5
) . - £ \ M AR a\/g
c¢) Khoang cach tir diem B dén duong thang A'C’ bang -
d) Khoéang cach gitta hai duong thang BD va A'C bang %.

Cau 10. Cho hinh ling tru ABCD.A’B'C'D’ ' ¢6 d4y 14 hinh thoi canh 3a, ABC = 60° , AA' =2a.
Dinh A’ cach déu ba dinh 4,B,C.Goi G 1a trong tAm cua tam gidc ABC .

a) A'G 1a duong cao cua hinh ling tru ABCD.A'B'C'D’.

b) D6 dai duong cao cta hinh ling try ABCD.A'B'C'D’ bing av/3 .

9a2\/§

2

¢) Dién tich hinh thoi 4BCD bang
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94° \/5

2

d) Thé tich ctia khdi lang try 4BCD.A'B'C'D’ bing

Dang 3. Cau tric nghiém tra 10i ngin
Cau 16. Cho hinh chop tir giac déu S.ABCD c¢6 canh day béng a, canh bén b@ing 2a\/§ .Goi M
1a trung diém clia S4 . Géc giita duong thing BM v6i mit phang (ABCD) bang bao nhiéu d¢?

Cau 17. Cho hinh chop S.ABCD c6 day ABCD 1a hinh thoi canh a, ABC = 60° . Goi O la giao
diém cia AC va BD. Biétrang SO L (ABCD) , SO = %l . Khodng cach tir O dén mat phang

(SCD) bang M vei ™ 1a phan s toi gian, m > 0,n> 0. Gid tri m +n bang bao nhiéu?
n n

Cau 18. Cho hinh chop S.4BCD c6 day la hinh vuong canh a, S4 L (ABCD) va s6 do ciia goc

nhi dién [S,BC, A] bang 60°. Khoang cach giita hai duong thing SC va BD bang av30

. Tim gia

tricua n.

Céu 19. Nguoi ta can xay dung cong trinh dé dé ngan nudc 1ii ciia song. Mat cit cia dé duge thiét
ke v6i s6 do nhu trong hinh v€. Tong the tich vt liéu can dung dé xay dung doan dé do bang bao
nhiéu mét khoi (lam tron két qua dén hang don vi)? Biét rang doan dé thang va dai 100 m.

Chii d¢ 8. NGUYEN HAM VA TiCH PHAN
A. TOM TAT Li THUYET
I. NGUYEN HAM
1. Dinh nghia
Cho K la mét khoang, doan hodc nira khoang cua tap s6 thue R.
[ Choham s6 f(x) xac dinh trén K. Ham s6 F(x) duoc goi 1a nguyén ham ciia ham s6 £'(x) trén
K néu F'(x)= f(x) voimoi x thudc K.
(] Néu F(x) 1a mot nguyén ham cta ham sé f(x) trén K thi moi nguyén ham cua ham s6 f(x)
trén K déu co dang F(x)+C véi C la mot hang so. Vi vay,
[ feoydx=F(x)+C.
(] Moi ham s lién tuc trén K déu c6 nguyén ham trén K. Ta co:
j F'(x)dx = F(x)+C.
2. Tinh chat
Cho f(x), g(x) 1a hai ham sb lién tyc trén K.
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00 [kf()dx =k f(x)dx v6i k 14 hing s khac 0;
00 [ @)+ g(ldr = f(x)dx +[ g(x)dx;
00 [ 1/ () - g(x) Tdx =] £ (x)dx—[ g(x)dx.

3. Nguyén ham mét s6 ham sb so cip co béan

a+l l
0 Vo1 a#—1, taco: jx"dxzx +C; 00 J.—dx=1n|x|+C;
a+1 X
0o .fsinxdxz—cosx+C; 00 J.—dx —cotx+C;
sin” x
0o jcosxdxzsinx+C; oo J.—dx—tanx+C
cos” x
0 Véi a>0,a#1, taco: jade= +C.
Ina

II. TICH PHAN
1. Pinh nghia
Cho f(x) 1a ham s6 lién tuc trén [a; b]. Gia sit F(x) 1a mot nguyén ham cta f(x) trén doan [a; b].

Khi d6 j f(x)dx = F(b)— F(a).

2. Tinh chit
Cho cac ham s6 y = f(x), y = g(x) lién tuc trén doan [a; b]. Ta c6:

00 j kf(x)de=k j f(x)dx (k 1a hing sb).
00 j [/ (x)+ g (x)]dx = j S()dx+ j g(x)dx

b b b
00 (0 -g(0lde = f(x)dx -] g(x)dx
7100 Gia st st m, n, ¢ 1abasd thuc tuy y thudc doan [a; b], ta co:
[ £Eode = f(x)dx+ [ £ (x)dx

3. Tich phian mét s6 ham sb so c4p co ban

b
+1
xa

ba+1 _ aa+1

a+1|a  a+l

b
[0 Véi a # -1, ta co: Jx“dxz
a2 | . R .
[ Vi ham so f(x) =— lién tuc trén doan [a; b], ta co:
X

b
00 jldx=1n|x||’a’=1n|b|—1n|a|;
X
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b
. b
od Is1nxdx=—c0sx|a =cosa—cosb;

a

b
. b . .
oo fcosxdx = smx|a =sinb—sina;

a

[0 Véiham s f(x)=——— lién tuc trén [a; b], ta c6:

Sin- x

b

1 b

J.#dx:—cotx| =cota—cotb;
sin” x ¢

a

0 Véiham sé f(x) = lién tuc trén [a; b], ta co:

COS2 X

b

1
I—dxz =tan x|h =tanb—tana;
7 COS” X ¢

a
a’dx

OO0 Vot a>0,a#1, taco

R

B 1na|a " Ina

4. Ung dung
][] Cho ham s6 y = f(x) lién tuc trén doan [a; b]. Khi d6, dién tich S cua hinh phang gii han boi
d6 thi ham s y = f(x), truc hoanh va hai duong thing x =a, x=5 la:

S = [If () dx

(] Cho cac ham s6 y = f(x), y = g(x) lién tuc trén doan [a; b]. Khi d6, dién tich hinh phang gidi
han boi d6 thi cia cac ham s6 y= f(x), y=g(x) va hai duong thing x=a, x=b la

§=[I/(x)-g()|dr

][] Cat mot vat thé boi hai mat phang vudng goc voi truc Ox tai x=a va x=b (a <b). Mot mit
phang tuy y vuong goc véi Ox tai x (a < x<b) cat vat thé d6 theo hinh phang c6 dién tich 1a S(x).
Gia sir ham s6 S(x) lién tuc trén [a; b]. Khi do, thé tich V' cua phén vat thé gi61 han boi hai mat
phang trén duoc tinh boi cong thirc

vV =iS(x)dx

][] Cho ham sé y = f(x) lién tuc, khong am trén doan [a; b]. Hinh phang (H) gidi han boi d6 thi
ham s6 y= f(x), truc hoanh va hai duong thing x =a, x =b quay quanh truc Ox tao thanh mot

b
khdi tron xoay co thé tich bang V = ﬂ'J- [f (x)Idx.

B. BAI TAP

Dang 1. C4u tric nghiém nhiéu phwong an lya chon
Moéi ¢du héi thi sinh chi chon mot phuwong an.

Ciu 1. Phat biéu nao sau day la ding?

A. [F'(x)dx = F(x)+C. B. [F(x)dx=F'(x)+C.
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C. jF(x)dx = F(x)+C. D. jF'(x)dx =F'(x)+C.
Ciu 2. Phat biéu nao sau day la ding?
A. je'3xdx=e'3x+C. B. Ie'3xdx=—le_3X+C.
3
—3x 1 —3x —3x 1 —3x
C. Ie dx=—e"+C. D. Ie dx=——e"".
3 3

Cau 3. Cho ham s6 y = f(x) lién tuc trén doan [a; b]. Goi D 1a hinh phang gidi han boi d6 thi ham
s6 y= f(x), truc hoanh va hai duong thang x =a, x =b (a <b). Thé tich khéi tron xoay dugc tao
thanh khi quay D quanh truc hoanh la:

AV=r j [ (x)dx. B.V=2rx j [f(x)Pdx. C.V=r’ j [f(x)Pdx.  D.

V= nzi £ (x)dx.

Céu 4. Cho ham s y = f(x) c6 d6 thi nhu Hinh 2. Goi S 1a phan dién y
tich hinh phang dugc t6 mau. Phat biéu nao sau day 1a dang?

0,5

A.S= | flx)dx, B. S= —i £ (x)dx.

C.S=-

~05 ‘ -0.5

j £(x)dx D.S=-— j F(x)dx.

, ) . 1 :
Cau 5. Goi H 1a hinh phang gidi han bdi do thi ham so0 y =—, truc hoanh va hai duong thang
X
x=1, x=4. Thé tich ¥ ctia khdi tron xoay tao thanh khi cho hinh phang H quay quanh truc Ox la:
1 01 01 ¢ 1
AV =7z[—dx. B. V= [—dx. C.V=r[—dx. D. V=7 [—dx.
1 x 1 X 1 X 1 X
Cau 6. Goi D 1a hinh phang gi6i han bai d6 thi ham sb y =—sinx, tryc hoanh va hai dudng thing
x=0, x=7. Thé tich V' cua khdi tron xoay tao thanh khi cho hinh phing D quay xung quanh truc

Ox la:

A. V:ﬂj|sinx|dx. B. V:ﬂjsinzxdx. C.V=rx
0 0

| (—sinx)dx‘. D.
0
2” 2
V=r fsm xdx.
0

Cau 7. Goi H 14 hinh phing gi6i han boi db thi ham s& y =+/x, truc hoanh va hai dudng thing
x=1, x=2. Thé tich V" ctia khdi tron xoay tao thanh khi cho hinh phiang H quay xung quanh truc
Ox la:

T

A. V:zzj\/}dx. B. Vznzjxdx. C. Vzﬁz_z[\/;dx. D. Vzﬂj-xdx.
1 1 1

0
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Cau 8. Goi S 1a dién tich hinh phang dugc t6 dam trong Hinh 3. Cong
thte tinh S 1a:

A.S= j £ (x)dx +j £ (x)dx. B.S= j f(x)dx— j £ (x)dx.

Hinh 3

C.S= j £ (x)dx. D. S = —j £ (x)dx.

Cau 9. I(2x)ﬁdx bang:

\/§+1 \/5 x/f+l \/5
CaI ) B2 ¢ c. P ¢
\/5 +1 \/5 +1 In(2x)

D. 2x)? +C.
X xY
Cau 10. J-[sin—Jrcos—j dx bang:
2 2
X xY
A. x—cosx+C. B. (—cos5+sin5j +C.

3
C. l sin£+cos£ +C. D. x+cosx+C.
3 2 2
Cau 11. J.(ex +e’2“)dx bang:

A. " =27 +C. B. ¢+ +C. C.e" —%e“ +C. D.

x+1 —2x+1

e

+ +C.
x+1 2x+1

2
Cau 12. I[cosgj dx bang:

3 2
A. x+sinx+C. B. %(cosgj +C. C. (sin%) +C. D.

lx+lsinx+C.
2 2

Cau 13. | (5” —6e2]dx bing:

A. ex—%e_2x+C. B. 25

+12¢ 2 +C. C.e"-2e* +C. D.
2In5

x+1 —2x+1
e e

+
x+1 2x+1

+C
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Céu 14. Cho ham s6 y = f(x) c6 dd thi y = f"(x) cit tryc Ox tai ba diém
c¢6 hoanh d6 a < b < ¢ nhu Hinh 4. Ménh dé nao sau déy 1a dung?

A. f(e)> f(a)> f(b).
B. f(c)> f(b)> f(a).
C. f(a)> f(b)> f(c). a\o/ /b c\
D. f(b)> f(a)> f(c).

<

y=71"(x)

Hinh 4

Cau }5. Vi khl}én E coli sépg chu yéu & dudng rudt va co sé lwong 16n nhét trong hé vi sinh vit cla
co thé. Mot quan thé vi khuan E.coli dugc quan sat trong diéu kién thich hop, ¢6 toc dd sinh truong
dugc cho boi ham s6 f(r) = 480.2" In2. Trong d6 ¢ tinh bang gio (¢ > 0), f(¢) tinh bang ca thé/gid
(Nguoén: R. Larson and B. Edwards, Calculus 10e, Cengage ). Biét tai thoi diém bét ddu quan sat,
séqluo‘ng c4 thé duoc udce tinh mot cach chinh xéac khoang 480 ca thé. Ham sb biéu thi sb lugng ca
the theo thoi gian ¢ 1a:

A. F(1)=4802' +In2. B. F(1)=4802'+C.  C. F(t)=480.12—2, D.
n

t

2
F(t) =480.
® In2

+C.

Dang 2. Ciu tric nghiém diing sai
Trong moi y a), b), c), d) & méi cdu, thi sinh chon ding hodc sai.

Céu 16. Cho f(x) 12 ham sé lién tuc trén R.
a) [ f(0dv=1"(x)+C.

b) [f'(x)dx = f(x0)+C.

o) [ f'(x)dx = f(x).

d) [ (x)dv = f/@)+C.

Cau 17. Gia sir v(¢) 1a phuong trinh van toc cia mot vat chuyén dong theo thoi gian 7 (gidy), a(¢)
1a phuong trinh gia toc ctia vat d6 chuyén dong theo thoi gian ¢ (gidy).

a) [a(t)dt =v(t)+C.
b) j v(#)dt = a(1) +C.
¢) j VI(£)dt = a(t) +C.
d) j VI(£)dt = v(t) + C.
Cau 18. Gia sir v(7) 1a phuong trinh vén tc ctia mot vat chuyén dong theo thoi gian ¢ (gidy), a(t)
la phuong trinh gia toc cua vét d6 chuyén dong theo thoi gian ¢ (gidy). Xét chuyén dong trong khoang

thoi gian tir ¢ (gidy) dén b (gidy).

a) j a(t)dr = v(b)—v(c)

b) jv(t)dt = a(b) - a(c).
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c) j Vi(H)dt = v(c) —v(b)

d) }v'(t)dt = v(b)—v(c)

Céu 19. Cho vit thé tron xoay nhu & Hinh 5.

a) Vat thé dugc tao thanh khi cho hinh phang gigi han bgi do thi ham so

v = f(x) vahai duong thang x =a, x =b quay quanh truc Ox. |
@]

b) Vat thé duoc tao thanh khi cho hinh phang gidi han bdi d6 thi ham sd

v = f(x), truc hoanh va hai duong thang x =a, x =b quay quanh truc Ox.

Hinh 5

b
¢) Thé tich cta vat thé dugc tinh theo cong thiuc V =7 I f(x)dx.

b
d) Thé tich cua vat thé dugc tinh theo cong thirc ¥ = ﬁj [£(x)] dx.

Cau 20. Tai mot khu di tich vao ngay 18 hoi hang nam, tdc do thay doi lugng khach tham quan dugc
biéu dién bang ham s6 Q'(¢) = 4> — 72¢* +288¢, trong d6 ¢ tinh bang gio (0 <t <13), O'(¢) tinh bang
khach/gid (Nguon: R. Larson and B. Edwards, Calculus 10e, Cengage ). Sau 2 gid da c6 500 nguoi
c6 mat.

a) Luong khach tham quan duoc biéu dién bai ham sb O(¢) =1* —24¢° +144¢°.

b) Sau 5 gid lwgng khach tham quan 1a 1325 nguoi.

¢) Luong khach tham quan 16n nhat 1a 1296 ngudi.

d) Tc d6 thay doi lugng khach tham quan 16n nhét tai thoi diém ¢ =6.

Dang 3. CAu tric nghiém tra 1oi ngin

1 Ax-2
A 3 r <7 . < A [94 A 5 . A A A 1N \ A
Cau 21. _[ ?dx c6 gia tri bang bao nhiéu? (viét két qua dudi dang s6 thap phan va lam tron dén
0

hang phan mudi).

Céu 22. Cho ham s6 F(x) 1a mot nguyén ham ctia ham sd f(x) = (x2 —2)(2x+1) va F(-1) =%.

Tinh F (—%) (viét két qua dudi dang s thap phan va lam tron dén hang phan tram).

Céu 23. Cho dd thi ham s6 y =cosx va hinh phing dugc t6 mau nhu Hink 6. Tinh
dién tich hinh phang d6 (viét két qua dudi dang s6 thap phan va lam tron dén hang
phan muoi).

Cau 24. Cho kh(‘)iv tron xoay nhu Hinh 7. Tinh thé tich cta kh(‘)i’ tron xoay dugc tao
thanh boi hinh phang cho ¢ Hinh 7 khi quay quanh truc Ox (vict két qua dudi dang
0 thap phan va lam tron dén hang phan muoi).
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Cau 25. Cho g(x) = jf(l)dt, (0<x<7) trongdd f(¢) 1a ham s c6 dd thi nhu /A
0

Hinh 8. Tinh g(3).

Cau 26. Mot vat duoc ném 1én tir d6 cao 300m véi véan tée duoc cho boi cong
thic v(f) = -9, 81¢+29, 43(m/s) (Nguon: R. Larson and B. Edwards, Calculus Hinh §

ioe, Cengage). Goi h(t)(m) 1a d6 cao cia vat tai thoi diém ¢ (s). Sau bao lau ké tir khi bat déu duoc
ném 1én thi vat d6 cham dét (1am tron két qua dén hang don vi ciia mét)?

Céu 27. Chi mét trung tdm thuong mai mudn cho thué mot sé gian hang nhu nhau. Nguoi d6 mudn
tang gia cho thué ctia mdi gian hang thém x (triéu dong) (x >0). Tdc d6 thay doi doanh thu tir cac
gian hang d6 dugc biéu dién boi ham s6 T'(x) = -20x+300, trong d6 T ’(x) tinh bang triéu dong
(Nguon R. Larson and B. Edwards, Calculus ioe, Cengage). Biét rang néu nguoi d6 ting gia thué
cho mdi gian hang thém 10 triéu dong thi doanh thu 1a 12000 triéu dong. Tim gié tri ciia x dé nguoi
d6 c6 doanh thu I4 cao nhat?

CHUYEN BE 9
PHUONG TRINH MAT PHANG
A. KIEN THUC TRONG TAM
Dang 1. X4c dinh vecto phap tuyen
. Vecto phap tuyen i cua mat phang (P) la vécto co gia vuong goc voi (P). Néu i la mét

vécto phdp tuyén ciia (P) thi ki ciing la mét vécto phdp tuyén ciia (P).
« Néu mat phang (P) c6 cdp vécto chi phwong la Uy, i, thi (P) ﬁ

6 vécto phdp tuyén la i = [u,,u,].

o Mt phang (P):ax+by+cz+d =0 c6 mét vécto phdp tuyén la i = (a;b;c). i AN ;
P

Dang 2. Xac dinh phwong trinh mit phing
: qua M (xy; ¥y 2,)
] Mat phang (P) e
VITPT n=/(a;b;c)
"] Cac mat phang co ban

thi phuong trinh (P): |a(x—x0)+b(y—y0)+c(z—zo) = O| *)

mp(Oyz):x=0—"2" 5 =(1;0;0)

(Oyz)

mp(Oxz):y = Oﬂmwm (0;1;0)

mp(Oxy):z=0—"215p = (0;0;1)

(Oxy)

Dang 3. Piém thudc mit phing
M6t mit phang bat ky déu c6 phuong trinh dang (P):ax+by +cz+d =0, vadiem M (x,;¥,:2, ).
Néu ax, +by, +cz, +d=0= M (P)
Néu ax,, +by, +cz,, +d 0= M ¢ (P)
Dang 4. Piéu ki¢n song song va vuéng goc ciia hai mdt phing
Cho hai mt phang (B), (B, ) lan lugt c6 phuong trinh tong quat la:
Ax+By+Cz+D =0; Ax+B,y+C,z+D, =0 Goi i, =(4; B; C,), ii, =(4,; B,; C,) lan luot
1a vecto phap tuyén ciia hai mat phing (B), (B,).
1, = ki,
+(R)//(B) = Ton tai s6 thuc k # 0 sao cho
D, # kD,.
+(R)L(P)<e 44,+BB,+CC,=0.
Dang 5. Khodng cich tic mét diém dén mét mét phing
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Khoang céch tir diém M, (x,; »,; z,) dén mit phang (P): Ax+ By +Cz+D =0 (A2 +B*+C*> 0)
) R ) |Ax, + By, + Cz, + D|
dugc tinh theo cong thuc: d (M 0> (P)) = .
N A+ B+ C?
B. BAI TAP

I. TRAC NGHIEM 4 PHUONG AN LUA CHON
Cau 1. Trong khong gian véi hé toa @6 Oxyz, cho mit phang (P) :3x—z+2=0. Vecto nao dudi

day la mot vecto phap tuyén cta (P)?

A. 1, =(3;0;-1) B. 7, =(3;-1;2) C. 7, =(3;-1;0) D.
i, =(—-1,0;-1)

Cau 2. Trong khong gian Oxyz , mit phang (P) :2x+ y+3z—1=0 c6 mot vecto phap tuyén la:
A. ny=(2;1;3) B. n, =(~1;3;2) C. n, =(1;3;2) D. n, =(3;1;2)

Cau 3. Trongkhong gian voi h¢ toa do Oxyz, cho mat phang (oc) X+y+z-6=0. Diém nao dudi
day khong thudc (o) ?

A. Q(3;3;0) B. N(2;2;2) C. P(1;2;3) D. M(1;-1;1)
Céiu 4. Trong khong gian véi hé toa d0 Oxyz, cho mét phang (P) :x-2y+z-5=0. Diém nao
dusi day thudc (P)?

A. P(0;0;-5) B. M(1;1;6) C. Q(2;-15) D. N(-5;0;0)
Cau 5. Trong khong gian Oxyz , mit phang (Oxz) c6 phuong trinh la:
A. . x=0 B.z=0 C.x+y+z=0 D. y=0

Cau 6. Trong khong gian véi hé toa do Oxyz , phuong trinh nao dudi day la phuong trinh cua mat
phing (Oyz) ?

A y=0 B. x=0 C.y-z=0 D. z=0
Céu 7. Trong khong gian Oxyz , mit phing (Oyz) c6 phuong trinh la
A. z=0. B. x+y+z=0. C. x=0. D. y=0.

Cau 8. Trongkhdng gian v6ihétoadd Oxyz, phuong trinh nao sau day 1 phuong trinh ctia mat phang Ozx
0
A. x=0. B. y-1=0. C. y=0. D. z=0.
Cau 9. Trong khong gian v6i hé toa do Oxyz , phuong trinh nao dudi day la phuong trinh mat phang
di qua diém M (1;2;-3) va c6 mdt vecto phap tuyén n= (1,-2;3).
A x-2y+3z+12=0 B.x-2y-3z-6=0 C. x-2y+3z-12=0 D.
x—2y-3z+6=0
Cau 10. Trong khong gian véi hé toa dd Oxyz, cho hai diem A(0;1;1) ) va B(1;2;3). Viét phuong
trinh clia mit phang (P)di qua 4 va vudng géc voi duong thing AB .
A x+y+2z-3=0 B. x+y+2z-6=0 C. x+3y+4z-7=0 D.
x+3y+4z-26=0
Cau 11. Trong khong gian Oxyz, cho hai diém A(4; 0;1) va B(-2;2;3).Mat phing trung truc cua
doan thang AB c6 phuong trinh 1a
A. 3x-y—z=0. B.3x+y+z-6=0. C. x+y+2z-6=0. D. 6x-2y—-2z-1=0.
Cau 12. Trong khong gian Oxyz , cho 2 diém A(5;—4;2) va B(1;2;4). Mit phang di qua A va vudng
gbc voi dudong thang AB 1a?
A 3x—y+3z-25=0 B.2x-3y-z+8=0 C.3x-y+3z-13=0 D.
2x-3y—-z-20=0
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Cau 13. Trong khong gian Oxyz , mit phing (P) di qua diém M (3;—1;4) dong thoi vudng goc véi
gid clia vecto @ =(1;—1;2) c6 phuong trinh la
A.3x—y+4z-12=0. B.3x—-y+4z+12=0.C. x—y+2z-12=0. D.
x—y+2z+12=0.
Céu 14.Trong khong gian voi hé toa do Oxyz, cho diém M(3;—1;—2) va mat phéng
(o) :3x— y+2z+4=0. Phuong trinh nao dudi day 1a phuong trinh mat phang di qua M va song
song voi (a)?
A 3x-y+2z-6=0 B.3x-y+2z+6=0C.3x-y-2z+6=0 D.
3x+y+2z-14=0
Cau 15. Trong khong gian Oxyz , mit phang di qua diém A4(2;-1;2) va song song véi mat phang
(P):2x—y+3z+2=0 c6 phuong trinh 1a
A 2x—y+3z+11=0 B.2x-y-3z+11=0C. 2x-y+3z-11=0 D.
2x+y+3z-9=0
Cau 16. Trong khong gian voi hé toa d0 Oxyz , cho mat phéng cho mat phéng (P) c6 phuong trinh
3x+4y+2z+4=0 va diém A(l;—2;3) . Tinh khoang cach d tir 4 dén (P)

A.aizi B.a’:i C,dzﬁ D,dzg

29 J29 3

Caul7. Trong khong gian voi hé toa d6 Oxyz, cho mit phing (P) c6 phuong trinh:
3x+4y+2z+4=0 vadiém 4(1;-2;3). Tinh khoang cach d tir 4 dén (P).

Adld Baol ca- b =Y.

9 29° J29 3

Cau 18. Trong khong gian véi hé truc toa d6 Oxyz , cho diém H (2;1;2), H 1a hinh chiéu vudng goc
ctia gbc toa o O xudng mét phing (P), s6 do gbe gitta mat (P) va mit phang (Q):x+y-11=0

A. 60° B.30" C. 45 D. 90°
Cau 19. Trong khong gian Oxyz , cho mat phang (P)co6 phuong trinh x—2y+2z—-5=0. Xét mat
phang (0):x+(2m—1)z+7 =0, v6i m 1a tham s6 thuc. Tim tit ca gia tri cia m dé (P) tao vdi (Q)

()cz
goe -

A m=1 B m=2 C m=2 D m=4

S Ve a3 A g N2
Céu 20. Trong khong gian P97 | cho ba diém A(=2:0;0) B(0;0;7) 3 €(0;3;0) Phuong trinh mit
phing (4BC) 13

AL 2 B. 2 +24+Z-0 c. 2+24Zo D.

-2 7 3 -2 3 7 -2 3 7
2 i2iZii=0
-2 3 7

II. TRAC NGHIEM PUNG SAI ‘
Cau 10. Trong khong gian cho hé¢ toa 40 Oxyz . Cac ménh dé sau day dung hay sai?
A. Mit phiang (Oxy) c6 mot vecto phap tuyén 1a 7 = (0;0;1) .
B. Mit phing (Oxz) c6 vecto phép tuyén 1a 7 = (0;3;0).
C. Mit phang (Oyz) c6 vecto phap tuyén 1a 7 = (=2;0;0).
D. Truc Oz c6 vecto chi phuong 1a a =(0;0;-2024).

Té Toan — Tin — Trwong THPT Lé Hong Phong 105



TAI LIEU ON TAP TOT NGHIEP THPT NAM 2024 - 2025
Céu 11. Trong khong gian Oxyz , cho mit phang (P) :2x+3y+2z-2024=0.Cac ménh dé sau day

dang hay sai?
A. Mit phing (P) c6 mdt vecto phap tuyén la 7i =(2;3;1).

9; 3) .
C. Mit phang (Oyz) 6 vecto phép tuyén 1a 7i = (—4;-6;-2).
D. Diém M (0;0;2024) khong thudc mit phing (P).
Céu 12. Trong khong gian Oxyz , cho mit phiang (P):x+ y+z—3=0. Cac ménh dé sau day ding

B. Mit phiang (Oxz) c6 vecto phap tuyén 1a 7i = (6;

hay sai?
A.DPiém M (-1;-1;-1) khong thuoc mit phang (P). B. Biéem N(L;1;1) thudc mit phang (P).

C.Diém K (—3;0;0) khong thudc mat phang (P) . D. Diém Q(O; 0; —3) thudc mit phang
(P).
Cau 13. Trong khong gian Oxyz, cho diém A(1;—2;3)va hai vecto v=(~1;2;3), u=(-2;0;1).
Ménh dé nao sau day dung va ménh dé nao sai?
A v= —f+2}'+3l§.
B.ulv.
C. Phuong trinh mét phing di qua diém A (1;—2;3) va vudng gbc véi gid cua vécto v =(—1;2;3)
la: x-2y-3z+4=0.
D. Phuong trinh miat phiang di qua diém A (1;—2;3) va vudng goc vai gia cia vécto u= (—2; 0; 1)
la: 2x—y+1=0.
Cau 14. Trong khong gian v6i hé toa d6 Oxyz, cho hai diém A(1;0;0), B(4;1;2). Ménh dé nao sau
day dung va ménh d& nao sai?
A. 4B=(3;1;2).
B. Mit phang di qua A va vudng goc v6i 4B c6 phuong trinh 13 3x+ y+2z-3=0.

C.Néu I 1a trung diém doan théng AB thi I(%;%;IJ .

D. Mit phang trung truc doan thang 4B c6 phuong trinh 1a 3x+ y+2z-12=0.
Cau 15. Trong khong gian véi hé truc toa 6 Oxyz, cho diém M(1;2;3). Goi A4,B,C lan lugt 1a
hinh chiéu vudng goc ctia M trén cac truc Ox, Oy, Oz . Ménh d& nao sau day dung va ménh dé nao
sai?

A.Diém 4 c6toaddla 4(1;0;0).

B. Diém B c6 toadd 1a A(1;2;0).

C. Phuong trinh miit phing (4BC) 1a f%% =0.

D. Phuong trinh mat phéng(ABC) la %+%+§ =1.

Ciau 16. Trong khong gian Oxyz, cho diém A4(3;5;2). Goi 4, 4,, A4, 14n lugt 1a hinh chiéu cta
diém A 1én cac mat phang (Oxy), (Oyz), (Oxz) . Ménh dé nao sau day dung va ménh dé nao sai?
A.DPiém 4 c6toadd la 4 (3;5;0).
B. Phuong trinh mit phang di qua cac diém A4, 4,, 4, 1a 10x+6y+152—60=0.
C. Phuong trinh mat phang di qua cac diém 4, 4,, 4, 12 10x+6y+15z2-90=0.

D. Phuong trinh mit phang di qua cac diém 4, 4,, 4, 1a §+%+§ =1.
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Cau 17. Trong khong gian hé toa d6 Oxyz, cho A(L;2-1); B(—l;O;l) va mit phing

(P):x+2y—z+1=0.Ménh dé nao sau day diing va ménh dé nao sai?
A. 4B =(L;1;-1)
B. Phuong trinh mit phang (Q) qua A,B va vudng goc voi (P) la x+z=0.

C. Khoang céch tir diém 4 dén mdt phang (P)1a: d(4,(P))= %

D. Phuong trinh mit phang (Q) qua 4,B va vuong goc v6i (P)la 3x—y+z=0.
III. TRA LOI NGAN
Cau 1. Trong khong gian vdi hé truc toa dd Oxyz, cho A(1;2;3), B(3 ; 4;4) . Tim tat ca céc gia tri
ctia tham s6 m sao cho khoang cach tir diém A4 dén mit phang 2x+ y+mz—1=0 bang d6 dai doan
thang AB Cau 2. Trong khong gian Ozyz, cho hai diém A(Z;—2;4), B(—3;3;—1) va mit
phang (P) 27 —y+22z—8=0. Xét M la diém thay ddi thudc (P) , Tinh gia tri nho nhét cia
2MA* + 3MB®
Céu 3.Trong khong gian Oxyz, cho hai mtphang (P):x~2y+2z-3=0 va (Q):mx+y-2z+1=0
. Vi gia tri ndo cua m thi hai mat phang d6 vudng goc v6i nhau?
Ciau 4. Trong khong gian véi hé truc toa o Oxyz, cho mit phing (Q): x+2y+2z-3=0, mjt
phing (P) khong qua O, song song v&i mit phang (Q) va d ((P) ,(Q)) =1. Phuong trinh mit phing
(P) 1a
Céu 5. Mit phing (P) diqua A(3;0;0), B(0;0;4) va song song véi truc Oy c6 phuong trinh 1a
Cau 6. Trong khdng gian Oxyz , cho mit phang (a’) di qua diém M (l; 2;3) va cét cac truc Ox, Oy,
Oz lan luottai 4, B, C (khac géc toa dd O)sao cho M Ia truc tdm tam giac ABC. Mit phéng
(a) c6 phuong trinh dang ax +by +cz—14=0. Tinh tong T =a+b+c.
Cau7. Trong khong gian Oxyz, cho hai mat phang (P) :x+4y-2z-6=0,
(Q):x-2y+4z-6=0. Mit phiang (a) chira giao tuyén ctia (P),(Q)va cit cac truc toa dd tai cdc
diém A4, B, C sao cho hinh chép O.4BC 1a hinh chép déu.
Phuong trinh mit phang (&) 1a

Cau 8.Mot san van dong dugc xdy dung theo moé hinh 1a hinh
chop cut O4AGD.BCFE c6 hai ddy song song véi nhau. Mat san
OAGD 1a hinh chit nhét va duoc ga"ln hé truc Oxyz nhu hinh vé

duéi (don vi trén mdi truc toa do 1a mét). Mit san OAGDﬂc()
chiéu dai OA4=100m, chiéu rong OD =60m va toa do diém
B(10;10;8).

a) Lap phuong trinh mét phang (OA CB ) .
b) Tinh khoang cach tir diém G dén mat phang (OBED) .
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Céu 9.Mot cong trinh dang xay dung dugc gin hé truc Oxyz
nhu hinh v& duéi (don vi trén mdi truc toa do 1a mét). Mdi cot
bé tong cd dang hinh lang tru tr giac déu va c6 tdm cua mat

déy trén lan lot Ia A(3;2;3),B(6;3;3),C(9;4;2),D(6;0;%).

a) Hoi ba cot bé tong 4, Bva Ccod dugc xdy thang hang
khong? i . i
b) Bon diém 4, B,C va D c6 dong phang khong?

¢) Tinh khoang céach tir diém D dén mit phang (ABC ) .
Cau 10.M0t cong trinh dang xay dung dugc gén hé truc Oxyz (don vi trén mdi truc toa do 1a mét).
Ba buc tuong (P),(Q),(R) ,(T ) (nhu hinh v€) cua tda nha lan lugt cd phuong trinh:
(P):2x—y—z+l=0, (Q):x+3y—z—2=O,(R):4x—2y—2z+9=0,(T):2x+6y—22+15 =0.

i

a) Hay kiém tinh song song hodc vudng goc giita cac birc tuong (P),(Q),(R) ,(T ) cua toa nha.
b) Tinh khodng giita hai birc tuong (Q) va (T) cua toa nha.

¢) Tinh chiéu rong birc tuong (Q) ciia toa nha.

PHUONG TRINH PUONG THANG
A.KIEN THUC TRONG TAM
a) Vecto chi phwong cua dwong thting
. Vécto chi phwong i cia dwong thang d la vécto cé gia song
song hodc tring véi dwong thang d. Néu d cé mét vécto chi phwong ki
la u thi ki ciing la mot vécto chi phwong cua d. /Ya
o Néu c6 hai vécto n, va n, cung vuéng goc voi d thi d co mot "
vécto chi phwong la u =[n,,n,].
b) Phuong trinh dwong thing
« Dé viét phirong trinh dwong thang d, ta can tim diém di qua va mot vécto chi phirong.

Qua M(x,;y,;z,)

thi ta ¢6 hai dang phwong trinh dwong thang:
VICP:ii, = (a;a,;a;) 8 PIIONS & Hans

Néu dwong thing d :{

x=x,+at
Phirong trinh dwong thang d dang tham sé | y =y + at|, (t eR).

z=2z t+ast

X-x, Y-y, _z-2

Phuwong trinh dwong thang d dang chinh tic =, (q,a,a; # 0).

a a, a,

¢) Vi tri twong doi ciia hai duong thing
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Cho hai duong thang phan biét A, A, lan luot di qua cic diém M,, M, va tuong Gng c6 i, ii, 14

hai vecto chi phuong. Khi do, ta co:
[, i,]=0

[i,, ii,]#0
+A//IA, & [ﬁ ATi
1 1 2

[id,, i, .MM, =0

~ + A cit A, &
]7:0

+ A, va A, chéo nhau @[ﬁl, ﬁz].Mle #0.

d). Goc )

a) Césin cua goc giira hai dwong thang

Cho hai dudng thdng A, va A, c6 vecto chi phuong lan luot 13 4 =(a;; b; ¢,), i, =(a,; by; ¢,).

|a1a2 +bb, + clcz|

Khi d@6, ta co: cos(A,, A, )= .
(8 8,) J& B+ & b+

Nhan xét: A, LA, < aa, +bb, +cc, =0.
b) Sin cua goc giita dwong thang va mdt phang
Cho dudng thing A c6 vecto chi phuong i =(a;; b; ) va mit phiang (P) c6 vecto phép tuyén
i =(ay; by; ¢,). Khi do, ta co:
|ala2 +bb, + clc2|
\/af +b] +¢f .\/aj +b; +c;
¢) Césin ciia géc giita hai mat phang
Cho hai mit phang (R) va (P,) c6 vecto phap tuyén lan lugt 1a 7, = (4; B; C)), i, =(4,; By; G,).
Khi @6, ta co:

cos((ﬁl), (7, ))

sin(A, (P))=

~ |44, + BB, +C,C,|
\/Af +B+C? \/Aj +B;+C;

B. BAI TAP ]
I. TRAC NGHIEM 4 PHUONG AN LUA CHON
Céu 1: Trong khong gian Oxyz, cho dudng thing d di qua diém M (3;-14) va cé mot vecto chi

phuong u =(-2;4;5). Phuong trinh ciia d 1a:

x=-2+3t x=3+2t x=3-2t x=3-2t
Ay=4-t . B.{y=-1+4¢. C.iy=1+4t. D.qy=—-1+4t.
z=5+4t z=4+5t¢ z=4+5¢ z=4+5t¢

Cau 2. Trong khong gian Oxyz, cho duong thang d di qua diém M (l;—1;2) va c6 mdt vecto chi
phuong u =(2;3;4). Phuong trinh cia d 1a:
x+1 y-1 z+2 B x=2 y-3 z-4

2 3 4 1 -1 2
C x—1_ y+1 z-2 x+2 y+3 z+4

D.
2 3 4 1 -1 2
A n . . 2 x—2 y+ 3 z R NN n
Cau 3. Trong khong gian Oxyz, cho duong thang d ) vec to nao sau day la mot vec
to chi phuong cua d
A.u(2;3;0). B. u(l;-1;2). C. u(l;1;2). D. u(l;1;-2).
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x=-2+3t
Ciu 4. Trong khong gian Oxyz, cho duong thang d -1y =4—t vec tonao sau day khong phai la
z=5+4¢
mot vec to chi phuong ctia d
A.u(6;-2;8) . B. u(-3;1;-4). C. u(-2;4;5). D. u(3;-1;4).
x=-2+3¢
Ciu 5. Trong khong gian Oxyz, cho duong thang d qy=4-t Diém nao sau ddy thudc duong
z=5+4¢
thang d
A. A(1;-2;8). B. B(2;—4;-5). C. C(-2;4;5). D. D(3;-14).
x=1+2¢

Cau 6. . Trong khong gian Oxyz, cho dudng thing d -{ y=3—¢ Diém nao sau diy khong thudc
z=2+3¢

duong thang d
A.A(1;3;2). B. B(3;2;5). C. C(-3;5;-4). D. D(3;3;5).

Cau 7. Viét phuong trinh dudng thing (d) di qua diém A(1;2;-1) v nhan vec to (1; 2; 3) lam vec
to chi phuong

y=14t x=1-t x=1+¢ x=1+t¢
A.(d)iy=2+2t . B. (d)yy=2+2¢. C.(d){y=242t. D(d)y=2-2t
z=—1+3t z=—1+3t z=1+3¢ z=—1+43¢
n . ) . B x=2 y+3 =z . . e
Cau 8. Trong khong gian Oxyz, cho duong thang d . " =—1=5 . Phuong trinh nao sau day la
phuong trinh cua d
x=2+t x=-2+t x=1-2¢ x=1+t¢
A (d){y=-3-1. B. (d){y=3-1 . C.(d)jy=—-1+3t. D(d) y=2-2¢
z=2t z=2t z=2 z=—1+3t
Cau 9. Trong khong gian Oxyz, duong thang di qua hai diém A(1;1,0) va B(2; 0;2) c6 phuong trinh:
x=1+2t x=3+¢ x=1-t x=1+t
A. (d);y=1 . B. (d){y=1-1 . C. (d)sy=3+3t. D(d)iy=1-t.
z=2t z=1-2¢ z=2—t z=2t

Cau 10. Trong khong gian Oxyz, dudng thing di qua hai diém M(1;-1,2) va N(2; 0;0) c¢6 phuong
trinh:
x=2 y+ z B x+1_ yll  z+2

. C.x—1=y+1:Z—2 Dx—1=y+1=Z—2
1 1 2 1 1 -2 1 1 -2 1 1 2
Cau 11. Trong khong gian Oxyz, cho diém M(—1;3;2) va mit phing (P):x—2y+4z+1=0.
Puong thang di qua M va vudng goc véi (P) c6 phuong trinh la:
x+l y-3 z-2 Bx—l_y+3_z+2 CX—1:y+3:Z+2

A. . . C. D.
1 -2 1 1 -2 1 1 -2 4
x+l y-3 z-2
1 -2 4 ) i
Cau 12. Trong khong gian Oxyz, Viét phuong trinh duong thang di qua A(4;2;-6) va song song voi
\ M x Yy z
duong thang :d : — == = —
¢ £ 2 4 1
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r=—-4-2t r=2-2t T=2+4+2t r=—4+2t
Ay =2—-4t . B.iy=1—-4¢. Ciy=1+4t. Diy=-2+4t.
z2=—6—1 z=-3—t z2=-3+1 z2=6+1
a A . \ M T y+1 Z_4 , o 2
Cau 13. Trong khong gian Oxyz , cho duong thang d :g = — = N trong cac mat phang sau

day, miat phang nao song song v6i duong thang (d) ?
A5z —3y+2—2=0.B. r+y+224+49=0.C.hz—-3y+2+2=0 D.
5T —3y+2—9=0

Céu 14. Cho duong thang d: x=2 = y;r3 =2 -1 va mit phang (P): 3x + 5y —2z—4=0. Tim toa
d6 giao diém cua d va (P).
A. (4;0;4) B. (0; 0; -2) C.(2;0; 1 D. (-2;2;0)

Cau 15. Trong khong gian Oxyz, cho mit phang (P) :x+2z+1=0. Puong thiang di qua M va

vuong goc voi (P) c6 vec to chi phuong la:

Au(1;2:0). B. u(1;2;0). C. u(-1;0;-2). D. u(1;0;-2).
x=2+t
" R . x=1 y z+2 . 2
Cau 16. Trong khong gian Oxyz, Cho (di): {y=-1-¢; (d,): N = 5 = " ,duong thang (d)
z=3+4t
vuong goc voi (di) va (d2) Co vec to chi phuong la:
A.u(l;-2;1). B. u(9;-11;-5). C. u(l;7;-2). D. u(7;-8;4).
Céu 17. Trong khong gian Oxyz, cho hai dudng thang (d, ): X;Ll ey 2;2 va
m
(d,): XI3 =%= Zl_l . Tim tat ca gié tri thirc ciam dé (d,) L (d,).
A. m=5 B. m=1 C. m=-5 D. m=-1

Céu 18. Phuong trinh chinh tic ciia dudng thang di qua diém M(l;—1;2) va vuong goc voi
mp([?)):2x+y+3z—19=0 la:
x—1=y+1=Z—2 B.x—1:y+1=Z—2 C.x+l:y—1=Z+2
2 1 3 2 -1 3 2 1 3
x-1 y-1 z-2
2 1 3
Cau 19. : Trong khong gian véi hé toa d6 Oxyz, cho dudng thing A c¢6 phuong trinh :
x—10 y-2 z+2
51 1
Xét mat phéng (P):10x +2y+mz+ 11 =0, m la tham sb thuc. Tim tat ca cac gia tri cua m dé mat
phang (P) vudng gbc v6i dudng thing A.
A.m=-2 B.m=2. C.m=-52 D.m=52
Cau 20. Trong khong gian vai hé toa d6 Oxyz, cho mit phing (P) :3x—4y+2z-2016=0. Trong

A. D.

cac duong thang sau dudng thing song song v4i mit phing (P).

A, dl:x—lzy—lzl—z B. dZ:X—lzy—lzz—l
2 2 -1 4 -3 1
—lzy—lzl—z D. d4:X_1=y_1=Z_1
] 3 5 4 3 —4 2
II. TRAC NGHIEM DUNG SAI

C. d3:X
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-2 y+5 z-2
4 -1

Cau 1. Trong khong gian Oxyz, cho dudng thang d : al . Cac ménh d¢ sau day

dang hay sai?

A. Puong thing d nhan 3,4,1) la mot vecto chi phuong.

B. Puong thang d nhan i = (-3;-4; )la mot vecto chi phuong.

C. Dudng thing d nhan i =(3;4;—1)1a mét vecto chi phuong.
D. Puong thang d nhéan ( ;—8; 2) la mot vecto chi phuong.

x=3+4
Ciu 2. Trong khong gian Oxyz, cho dudng thang d :4y=-1-2¢ (t € R). Céc ménh dé sau day
z=-2+3t

dung hay sai?
A. Piém M (7;-3;-1) thudc duong thing d .

B. Diém N (-1;1;-5) thudc dudng thang d .
C. Puong thing d nhén i = (4;—2;3) la mot vecto chi phuong.
D. Buong thing d nhan i = —(—4;2;—3) la mot vecto chi phuong.

Ciau 3. Trong khong gian Oxyz, cho duong thang d x—1 4 _12 == =3 . Cac ménh dé sau day
dung hay sai?
A. Piém Q(2;-1;2) thudc duong thang d .
B. biém P(1;2;3) thudc duong thiang d .
C.Diém M (—1;—2; -3) thudc duong thang d .
D. biém N(-2;1;-2) thudc duong thang d .
x=14+2¢
Cau4. Trong khong gian Oxyz, cho duong thang d:4y=3—¢ . Cac ménh d& sau day ding hay
z=1-t

sai?

A. Diém M (-3;5;3) khong thugc duong thiang d .

B. biém N(1;3;—1) khong thudc dudng thing d .

C. biém P(3;5;3) khong thudc dudng thang d .

D. biém Q(1;2;-3) khong thudc duong thing d .
Cau 5. Trong khong gian Oxyz, cho duong thang d di qua diém M (3;—1;4) va c6 mot vecto chi
phuong u =(-2;4;5). Cac ménh dé sau day dung hay sai?
x=-2+3¢
A. Phuong trinh tham s6 ctia duong thang d 1a sy =4t
z=5+4¢
x=3+2¢
B. Phuong trinh tham s6 cta duong thang d 1a { y=—1+4¢
z=4+5¢
x=3-2¢
C. Phuong trinh tham s6 ciia duong thang d 14 < y =1+4¢
z=4+5¢
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x=3-2t
D. Phuong trinh tham s6 ciia dudng thang d 1a §y =—1+4¢
z=4+5¢
Ciu 6. Trong khong gian voi hé toa dd Oxyz , cho hai diém M (,-2;1), N(0;1;3). Cac ménh dé
sau day dung hay sai?

x+1 y-2 z+1

A. Phuong trinh dudng thang qua hai diém M, N la

-1 3 2
. \ P gk cx+1l y-3 z-=-2
B. Phuong trinh duong thang qua hai diém M , N la 1 = 2 = {
\ N 2 . 3.2 . X -1 2—3
C. Phuong trinh duong thang qua hai diem M, N la —=——= 5
y-1 z-3

D. Phuong trinh duong thang qua hai diém M, N la %: 33

x=142¢
Cau7. Trong khong gian Oxyz, duong thang c6 phuong trinh tham s6 1a (d):{y=2—t . Cac

z=-3+1
ménh dé sau day dung hay sai?

A. Phuong trinh chinh tic ctia dudng thang d 1a x—l_y-2_z+3
2 -1 1

B. Phuong trinh chinh tic ciia dudng thang d 1a x2—1 4 _12 =z I 3
-1 y-2 z+43

C. Phuong trinh chinh tic ctia duong thang d 1a al . 0

D. Phuong trinh chinh tic cia duong thang d 1a 1—2x = 2 I y_—2 I 3

x+4 y+3 z-3
-2 -3 1

Ciu 8. Trong khong gian Oxyz, cho diém A(l; 2;3) va dudng thang d: . Cac

ménh dé sau day dung hay sai? i i
A. Duong thang A di qua diém A4 va song song voi duong thang d c6 phuong trinh la:
x=1-2¢
y=2-3t.
z=3+t¢
B. Duong thing A di qua diém A va song song véi duong thing d co phuong trinh la:
x=1+2¢
y=2+3t.
z=3—¢

C. Puong thing A di qua diém A4 va song song v6i duong thang d co phuong trinh 1a:
x-1_ y-2 z-3
2 3 -1 '

D. Buong thang A di qua diém A4 va song song véi duong thang d c6 phuong trinh la:
x+1 y+2 z+43
2 3 -1

Cau9. Trong khong gian Oxyz, cho diém A4(-4;-3;3) va mit phing (P):x+y+z=0. Duong

thing di qua A4, cét truc Oz va song song véi (P) cé phuong trinh la

A x—4:y—3:Z—3. B. x+4:y+3:z—3.
4 3 -7 4 3 1
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x+4:y+3:z—3 D x+8:y+6zz—10
—4 3 1 4 3 -7
Céu 10. Trong khong gian vdi hé toa dd Oxyz, cho mit phang (P) :X+y—z+9=0, duong thing

C.

d: x;3 =yT_3=§ va diém A(l; 2;—1). Viét phuong trinh dudng thang A di qua diém A cit d va
song song v4i mit phang (P) .
A x—lzy—2:z+1. B. x—lzy—2:z+1‘
-1 2 1 1 2 -1
C. x—l:y—2:z+l. D. x—l:y—2:z+l.
1 2 1 -1 2 -1

Céu 11. Trong khong gian voi hé toa d6 Oxyz, cho diém M (1;-3;4), duong thing d c6 phuong

+2 - -2 , ) ﬂ
=2) 55 == va mat phang (P): 2x+z—2=0. Viét phuong trinh duong thang A qua

M vudng goc voi d va song song voi (P).

trinh:

x—1_ y+3 z-4 x—1_ y+3 z-4

A. A B. A: .
1 -1 -2 -1 -1 -2

C. A x—1:y+3:z—4_ D.A:x—1:y+3:z+4_
1 1 -2 1 -1 2

Cau 12. Trong khong gian vdi hé truc toa do Oxyz, cho hai mat phéng (a):x—2y+z—1 =0,
(,6’) :2x+y—z=0 vadiém A(1;2;—1). Puong thang A di qua diém A va song song vdi ca hai mat
phang (a’) ,( J/j ) c6 phuong trinh 1a

x—=1_ y-2 z+l x—=1 y-2 z+l

A. . B.
-2 4 -2 1 3 5
C.x—lzy—2=z+1. D.£=y+2=z—3.
1 -2 - 1 2 1
III. TRA LOI NGAN
y-1

3 va diém A(1;2;3) . Phuong

Cau 1. Trong khong gian v Oxyz, cho duong thing d :g = e _ET

trinh mat phang (4;d) 1a: ................. R PP i
Cau 2. Trong khong gian Oxyz, mat phang di qua A4(-2;4;3), song song voi mat phang
2x=3y+6z+19=0cOphuong trinh la: ...,
Cau 3. Trong khong gian Oxyz, cho diém A(1;4;-3). Viét phuong trinh mat phang chta truc tung
VAdiqua didm A. ...

x=3+4¢

. —1-¢ ,
Cau 4. Trong khong gian Oxyz, cho duong thang d : Y 449¢ (t € R) va mat phang
z=4+

(P):x+2y—z+1=0.Tim vi tri trong d6i ctia d VA (P): .......ovveiiiiiiiiee e
Cau 5. Trong khong gian Oxyz cho mit phang (P) :2x+y—2z+1=0 va hai diém
A(l;—2;3),B(3; 2;—1). Phuong trinh mét phang (Q) qua 4, B va vudng goc véi (P) 1a :

Cau 6. Trong khong gian Oxyz, cho duong thing d: %zyT_lz 2_12 va mit phing

(P) :x+2y+z-4=0.Hinh chiéu vudng goc ctia d trén (P) la duong thang c6 phurong trinh:
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Cau 7. Trong khong gian Oxyz, Cho mit phang(a):3x—2y+z+6=0 va diém A(2,-1,0). Hinh

chiéu vudng géc clia A 1én mit phang ()6 t0@ 0: ...vvveeervvvrreeriiiiieeiiie e

Cau 8. Trong hé toa d6 Oxyz. Cho duong thfmg d:x;3=y1—1=z+11

(P):x—z—-4=0. Hinh chiéu vuéng goéc cua d trén (P) c6 phuong trinh Ila:

. va mit phang

Cau 9. Trong khong gian toa d6 Oxyz cho diém A(O; —2;3) va mit phang (P) x=2y+z-1=0.
Toa d6 diém B 1a diém ddi ximg ctia 4 qua (P) 13: ......oooiiiie e

CHU DE 10
ON TAP GIUA KI II TOAN 12

PHAN I. Cau tric nghiém nhiéu phwong 4n lya chon. Thi sinh tra 10 tir cdu 1 dén céu 12. Mdi
cau haéi thi sinh chi chon mdt phuong an.
Ciau 1:  Ho nguyén ham ciia ham s6 f(x) =x"1a

A. 4x*+C. B.3x*+C. C.x*+C. D. %x4+C.

Cau2: Tim nguyén ham ciia ham s f(x) =7".

7)(

A. I7de= +C. B. [7°dx=7"+C.
In7
7x+1
C.I7de= +C. D. [7'dx=7"In7+C
x+1
Cau 3: Ho cac nguyén ham cta ham s6 f(x)zx4+x2 la
A. 4x° +2x+C. B. x*+x*+C. C. %x5+lx3+C. D. X’ +x*+C.

Cau4: Trong khong gian Oxyz , cho mit phang (P) :3x—2z+2=0 di qua diém nao sau day?
A. B(421). B. A(1;2;4). C. D(2;1;4). D. C(2;4;-1).
Cau5: Trong khong gian Oxyz, cho diém A(1;2;3). Mat phang chta diém 4 va truc Oz c6

phuong trinh 1a
A. 2x—-y=0. B. x+y—z=0. C.3y-2z=0. D. 3x—-z=0vo
s9.

2 3 3
Cu6:  Cho ham sb f(x) lién tuc trén R va [ f(x)dx=-3 va [ f(x)dv=4.Khido [f(x)dr
1 2 1

bang
A. 12. B. 7. C. 1. D. -12

Cau7: Cho if(x)dx:S.Tinh ]:i[f(x)+2sinx]dx:5.
0 0

A.T=7. B.I=5+%. C.1=3. D.I=5+7

Cau 8: Dién tich hinh phéng duoc gidi han boi dd thi ham sd y= x°, truc hoanh va hai duong
thang x=1, x=3 1a

A. §=20. B. $=18. C. §=3. D'SZ%'
Cau 9: Dién tich hinh phiang S gi6i han boi cac duong y=x"—x, y=0, x=0 va x=2
dugc tinh bdi cong thirc nao sau day?
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A. Szj(x—xz)dx.. B. Szj.(xz—x)dx—j.(x2 —x)dx..

C. Szj.(xz—x)dx+j.(x2—x)dx.. D. Szj.(xz—x)dx.

Céau 10: Cho hinh (H ) gi6i han béi parabol y =2x—x" va truc hoanh Ox . Thé tich khoi
tron xoay khi hinh (H ) quay xung quanh truc Ox bang:

16 17 15 17
Céu 11: Trong khong gian Oxyz, cho duong thing d : x—3 =7 _54 -7 > . Diém nao sau
day thudc duong thang d ?

A. M(3;4;-5). B. N(2;-5;3). C. P(-3;—-4;5). D. 0(2;5;-3).
x=2-t

Cau 12: Trong khong gian Oxyz , dudng thing d :1y =—1+2¢ ¢6 modt vecto chi phuong 1a:
z=3+3¢

A.u, =(2-1;3). B.u,=(-1;2:3).  C.u,=(213). D. u, =(1;2;3).

PHAN II. Ciu tric nghiém ding sai. Thi sinh tra 16i cAu 2. Trong mdi y a), b), ¢), d) & mdi cau,
thi sinh chon ding hodc sai.

Cau 1. Cho cac ham sb f(x)= 2x -

3 v g(x)z% xéc dinh trén tap D =R\{0}.

Céc ménh dé sau dung hay sai?

Ménh dé Piing | Sai

a. Him s6 f (x) 1a mot nguyén ham ciia ham s6 g(x) trén D.

b. Ham s6 F(x)=2x—31n|x|+C 12 ho cac nguyén ham cua ham sé

f(x).

¢.Cho F(1)=5,khid6 F(x)=2x-3In|x|+3.

d. G(x) 1a mot nguyén ham ctia ham sb xf(x) thoa man G(l) =4.Khi
do G(2)=2.

Cau 2. Cho D 14 hinh phang gi6i han boi @6 thi ham s6 y= x> —x,x=—1,x=2 va
truc hoanh .Goi S 1a dién tich ctia D.

a) Szﬂxz—x)dx.
b) §= .T(xz—x)dx+i(x2—x)dx.

2
¢) Thé tich ctia khéi tron xoay khi quay D quanh tryuc Ox duoc tinh bang V = 7 I (x* —x)%dx .

-1

5
d Ss==.
) 6

¥ 4+x—2,x>2

Cau 3. Cho hamsé f(x)=11
5x+3,x<2

3 [ 3 41
a) ! f(x)dx = ! (x? + x — 2)dx b) ! f e =
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1 13 ‘ 16
O [ f(x)dx=— o [ fde==
0 4 el 3
Cau 4. Trong khong gian Oxyz , cho ba diém A(-1;1;0), B(1;—-1;2), C(1;-2;1).

Xét tinh dung sai ctia cac ménh dé sau?
a) Mot vecto phap tuyén ciia mt phing (ABC) la [E, R] :

b) Vecto n=(1;2;3) 1a mdt vecto phap tuyén ctia mat phing (4BC).
¢) Vecto u = (1 ;1 0) 12 mét vecto phap tuyén ctia mit phang di qua O va chita dudng thing AB .

d) Vecto v= (1;2;3) 1a mot vecto phap tuyén ciia mat phang song song voi hai dudng
thfmg AB va OC. ] ) ) 7
PHAN 1. Cau trac nghiém tra 167 ngan ( Ty luén ). Thi sinh tra 161 tir cau 1 dén cau 6. O mdi cau
thi sinh dién dap an cta cau do.
Cau 1: Mot san van dong dugce xay dung theo mo hinh 1a hinh chép cut OAGD.BCFE c6 hai
day song song voi nhau. Mat sain OAGD 1a hinh chir nhat va dugc gan h¢ truc Oxyz nhu hinh vé
(don vi trén mdi truc toa d6 1a mét). Mit sin OAGD c6 chiéu dai OA =100m , chiéu rong
OD =60m va toa d6 diém B(10;10;8). Gi sir phuong trinh tong quat cia mit phang (OACB) c6
dang ax+ y+cz+d =0. Tinh gié tri biéu thic a+c+d.

Cau2: Mit trong ctia mot ham biogas c6 hinh dang 1a mot phan cia mit ciu da cat bo hai phan
cua n6 bang hai mat phang song song véi nhau (nhu hinh v€). Ban kinh ctia mat cau bang 2,5m . Mat
day phia dudi cach tim mot khoang bang1,5m . Mit day phia trén cach tim mot khoang bang 2 .
Tinh gan dting thé tich phan bén trong ctia ham biogas d6 (don vi 1a m® va két qua 1am tron dén hang
phan muoi)

Traloi: ........................
x=1+2t
Cau 3: Trong khong gian véi hé truc toa d Oxyz , cho dudong théng A:<y=-t vachocac diém
z=2+t
A(1;0;2),B(3;-1;1),C(5;-2;4), D(-1;1;—1) . Trong cac diém da cho ¢ bao nhiéu diém khong thudc
duong thang A?
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Ciu4: [ Mirc d9 3 | Theo Dinh luat Hooke, liuc can ding dé kéo gidn
160 xo thém x mét tir d6 dai tu nhién la f(x) =k.x(N) véi k(N/m) la

flxy=kx
d6 cing ctia 10 xo0. Mot lyc SON duge dung dé kéo gian 10 xo tur 10cm dén —
dd dai 15¢m. Hoi can thuc hién mot cong 1a bao nhiéu dé kéo gian 10 xo _ _ |
tir 15¢m dén 20cm 2 AVATATAVAYAVAY o
Pap an: ...ccovvviiiiiiniiininnnen. : B
Cau5: Mot thung dung Bia hoi (c6 dang nhu hinh v€) c6 duong kinh 0 x

day 1a 30cm, duong kinh 10n nhét cia than thung la 40cm, chiéu cao thung 13 60 cm, canh bén hong
cua thung c6 hinh dang ciia m¢t parabol. Tinh thé tich ctua thung Bia hoi. ( 1am tron dén hang phan
chuc).

Pap an:.

Cau 6:  San van dong Sport Hub (Singapore) la sdn c6 mai vom ky vi nhét thé gioi. bay la noi dién
ra 1€ khai mac Pai héi thé thao Pong Nam A dugc t6 chuce tai Singapore ndm 2015 . Nén san 1a mot
elip (E ) ¢6 truc 16n dai 150m, truc bé dai 90m (hinh v&). Néu cét san van dong theo mot mat phéng

vudng géc véi truc 16n ciia (E)va cételip & M, N (hinh v&) thi ta dugc thiét dién luon 1a mot phan

ctia hinh tron ¢6 tim / (phén t6 ddm trong hinh 4) véi MN 13 mot ddy cung va goc MIN =90°. Pé
lap may diéu hoa khong khi thi cac k¥ su can tinh thé tich phan khong gian bén dudi mai che va bén
trén mat san, coi nhu mat san la mdt mat ph'flng va thé tich vat liéu 1a mai khong dang ké. Biét rﬁng
cach tinh c6ng sut can da 1a 200 BTU / m* . Hoi can bao nhiéu chiéc diéu hoa cong suat 50000 BTU?

—

N

CHUDE 11 ’
MOQT SO YEU TO XAC SUAT
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A. KIEN THUC CAN NHO

1. Pai s6 t6 hop

a) Quy tic cong

Mot cong viée duoc hoan thanh boi mot trong hai hanh dong. Néu hanh dong thir nhat c6 m cach

thuc hién, hanh ddng tht hai c6 »n cach thuc hién (cac cach thyc hién cta ca hai hanh dong 1a khac

nhau doi mét) thi cong viéc d6 cd6 m+n cach hoan thanh.

Quy tic cong co thé m& rong cho mdt cong viéc dugc hoan thanh boi mdt trong & hanh dong

(keN,k>2).

b) Quy tic nhan

Mot cong viée duoc hoan thanh boi hai hanh dong lién tiép. Néu hanh dong thir nhat c6 m cach

thuc hién va ung véi mdi cach thuc hién hanh dong thu nhét, c6 n cach thuc hién hanh dong tht

hai thi cong viéc d6 c6 m.n cach hoan thanh.

Quy tic nhan c6 thé md rong cho mot cong viée duge hoan thanh bai & hanh dong lién tiép

(keN,k>2).

c¢) Hoan vi

Cho tap hop 4 gdm n phén tir (n € N*) . M&i két qua ctia sy sap xép thir tu n phan tir ctia tap hop

A duogc goi la mot hoan vi cuan phﬁn tr do. Ki hiéu P, la sb cac hoan vi cua n phﬁn tir. Ta co:

P =n(n-1)...2-1=n!.

d) Chinh hgp

Cho tip hop 4 gdm n phan tir va mot s6 nguyén k voi 1<k <n. Mbi két qua cua viéc 1ay & phan

tir 7 phan tir cia tdp hop 4 va sip xép chiing theo mot thir tw nao d6 duoc goi 1a mot chinh hop

chap k ctia n phan tir da cho. Ki hiéu Al 1a s6 cac chinh hop chdp k cua n phan ti. Ta cé:

Al =n(n-1)...(n—k+1).

e) To hop

Cho tap hop 4 gdm n phan tir va mot s6 nguyén k v6i 1<k <n.M>bi tap con gdm k phan tir

duogc lay ra tir 7 phan tir cia 4 dwoc goi 1a mot to hop chap & cia n phan tir d6. Ki hiéu Chla s6
k

_n

t6 hop chap & cia n phan tir voi 1<k<n.Taco: C' = o

Quy wée: 0!=1,C° =1. Véi nhiing quy ude do, ta co: C = ﬁ(o <k<n).

(n—k)!
2. Xc suit ciia bién cb
a) Mot s6 khai ni¢m
- Khong gian mau Q 1a tap hop tat ca cac két qua c6 thé xay ra ctia mot phép thir.
- Bién ¢6 ngau nhién (goi tat 14 bién cd) 1a mot tap con cua khong gian mau. Tap rong & 1a bién cb
khong thé, Q 14 bién ¢b chéc chin, 4 =0\ 4 1a bién ¢ d6i ciia bién cb 4.
- Xet phép thir chi c6 mot s6 hitu han két qua c6 thé xay ra va kha nang xdy ra cua tung két qua 1a
gidng nhau. Goi Q 1a khong gian mau cta phép thir d6. Khi d6, vi mdi bién cd 4, ta c¢6 dinh
nghia ¢ dién cia x4c suat nhu sau:

Xéc sudt ciia bién ¢b A4, ki hiéu 1a P(A4), bang ti sb n(4) , 0 d6 n(A),n(Q) lan luot 14 sé phan tir
cua hai tdp hop A4,Q. Nhu vay: P(4) = A
n(Q)

b) Tinh chit ciia x4c suét

Xét phép thir 7 voi khong gian mau 1a Q. Khi d6, ta c6 cac tinh chét sau:

- P(D)=0;P(QY) =1;

- 0<P(4)<1 voi mbibiéncd 4;

- P(4)=1-P(4) v6i mdibiéncd 4.

¢) Bién ¢ hop, bién cd giao. Hai bién c¢b xung khic, hai bién c¢b doc 1ap

Cho hai bién ¢ 4 va B cung lién quan dén phép thir 7 va cac két qua ciia 7' 1a dong kha ning.
Khi d6 A4, B 1a cac tap con ctia khong gian mau.
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-Pit C=A4UB.Khid6 C 1amot bién cb va duoc goi 1a bién c¢b hop cua hai bién ¢ 4 va B, ki
hicula 4UB. o o o
-biat D=A4n B.Khidoé D la mdt bién co va dugc goi 1a bién co giao cua hai bién co 4 va B, ki
hi¢ula 4N B hay 4B. o )
* Néu ANB= & thi 4 va B goila hai bién co xung khac. o
* Hai bién cO 4 va B duoc goi la doc lap néu viéc xdy ra hay khong xay ra cua bién co nay khong
lam
anh huong dén xac suit xay ra cia bién cf kia.
Chu y
* P(AUB) = P(A)+P(B)—P(AmB) .
* Néu hai bién ¢6 4 va B ladoc1ap thi P(A4nB)=P(A4). P(B).
3. Xéc sudt ¢6 diéu ki¢n , o ‘ o
Cho hai bién c0 4 va B. Xac sudt ciia bien c0 4 voi dieu kién bién c6 B da xay ra dugc goi la xac
sudt ciia A véi diéu kién B, kihiéula P(A|B).
P(A N B)
P(B)
Tt dinh nghia cua xac suét co diéu kién, ta suy ra:
Néu P(B)>0 thi P(A4nB)=P(B).P(4]|B).
Chu y
* Néu 4,B 1a hai bién 6 bat ki thi P(4nB)=P(A4).P(BA)=P(B).P(A4|B).

Cong thuc trén dugc goi 13 cong thive nhdn xdc sudt.

Néu P(B)>0 thi P(4|B)=

n(AmB)

n(B)

* Cho hai bién ¢6 4,B v6i 0< P(A4)<1,0<P(B)<1.Khidé, 4 va B la hai bién c6 ddc 1ap khi va
chikhi P(4)=P(4|B)=P(4|B)va P(B)=P(B|4)=P(B|4).

4. Cong thirc x4c suit toan phan. Cong thirc Bayes
a) Cong thirc xdc suat toan phan
Cho hai bién c6 4,B véi 0< P(B)<1, ta co:

P(4)=P(ANB)+P(AnB)=P(B).P(4] B)+P(B)-P(4| B).
b) Cong thirc Bayes

* Cho hai bién c6 4 va B v6i P(B)>0.Khido, tacé: P(A4|B)=

. P(B)-P(A|B
Cho hai bién c§ 4, B véi P(4)>0,P(B)>0,tacé: P(B|A)= ( )P(/S) |B)
Nhdn xét: Voi P(A) >0,0<P(B)<1 thi cong thic Bayes con c6 dang

_ P(B)P(41B)
PLBl)= P(B)-P(4|B)+P(B)-P(4]B)
B. BAITAP TU LUYEN

ICau héi tric nghiém nhiéu phwong 4n lwa chon|

MOi cau hoi thi sinh chi chon mot phuong an.

1. Chocactaphop: 4 = {M; N;P; Q;R;S}; B=1{a;b;c;d;e;f; g h};

C= {xeN[0<x<9}.
Néu lap mot mat khau dai 8 ki tu ’d(”)i mot khac nhau, trong do 1 ki tu d?lu tién thudc A, 2 ki tu tiép
theo thudc B va 5 ki tu cudi cung thudc c thi s6 cach 1ap mat khau do la:
A. 8! B. 6C;C;,. C. 64, 4),. D.
6C,C;,.8!.

Cau 2. M6t 16p hoc ¢6 20 ban nam va 15 ban nit. S4 cach chon 10 ban truc nhat 16p sao cho ¢6 ca
ban nam va ban nir l1a:
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A. CY. B. 4. C.cl?+Cy. D.
35— Cis —Cy.
Cau 3. Truong Minh Phtic ¢6 ty 1€ hoc sinh gidéi moén tin 1a 0,3; ti 1¢ mon tiéng Anh 12 0,4; ti 1¢ gidi
ca hai mon trén 1a 0,25. Chon ngau nhién 1 mdt hoc sinh ctia truong. Xac suat chon duogc hoc sinh
gi6i it nhat mot trong hai moén trén la:

A. 0,95. B. 0,45. C.0,15. D. 0,7.
Cau 4. Gieo m0t con xtic xac can doi va dong chat 4 lan lién tiép. Xac suat cua bién co “Tong so
cham xuat hién ¢ 4 lan gieo 16m hon 5” la:

A. 1—i B.i C.l—i D. 4

6 6" 6" 6
Cau 5. Hoc sinh 16p 12A tham gia cac cau lac bo bong ban va c¢o vua ctia trudng. Chon ngau nhién
1 hoc sinh. Xéc suit chon dugc hoc sinh tham gia ca hai cau lac bg trén b@ing 0,2, con xac suét chon
dugc hoc sinh tham gia cau lac bo bong ban bang 0,25. Xéc sudt chon dwgc hoc sinh chi tham gia
cau lac by bong ban la:
A. 0,8. B. 0,95. C. 0,05. D. 0,2.
Cau 6. Mot thanh phé c6 25% nguoi dan 6ng nghién thudc 14, trong s6 nhirg ngudi dan 6ng
nghién thudc 14 c6 41% ngudi dan 6ng bi bénh viém phoi. Chon ngau nhién mot ngudi dan 6ng
trong thanh phé. Xéc suat ngudi dan 6ng dugc chon bi bénh viém phdi, biét ngudi dé nhién thude
1a, la:
=i B. 2. c. % p. 2L
400 41 400 400
Céu 7. Khi tim hiéu vé viéc hoc tiéng Anh ctia mot truong phd thong, ngudi ta thiy rang co 70%
hoc sinh tu hoc tiéng Anh bﬁng hinh thirc hoc truc tuyén. Chon ngau nhién 1 hoc sinh. Khi d0, x4c
suit chon dugc hoc sinh gidi tiéng Anh, biét hoc sinh d6 tu hoc béng hinh thirc truc tuyén, 12 0,8;
xéc suat chon duoc hoc sinh gidi tiéng Anh, biét khong tu hoc béng hinh thtrc truc tuyén, 1a 0,3.
Xéc suit chon duge hoc sinh gioi tiéng Anh la:
A. 0,24, B. 0,86. C.0,7. D. 0,65.
Cau 8. Mot bo bai tii lo kho gdm 52 quén bai, trong d6 ¢6 4 quan At. Ban Hoa rit ngau nhién 1
quén bai khong phai At (khong hoan lai), sau d6 ban Dung rit ngau nhién 1 quéan bai. Xac sudt ban
Dung rit dugc quan At la:
L 5L ¢l b %
51 13 17 51
Cau 9. Khi diéu tra vé hoat dong st dung may tinh va tinh trang cén thi cta tré em & mat tinh thi
dugc két qua:
- C6 10% tré em thuong xuyén st dung may tinh.
- C6 30% tré em bi céan thi.
- Trong nhiing tré em thuong xuyén st dung may tinh c6 54% tré em bi cén thi.
Chon ngau nhién 1 tré em. Xac suat tré em dugc chon thuong xuyén sir dung may tinh, biét tré e d6
bi can thi, la:
A. 0,94, B. 0,14. C.0,18. D. 0,0162.
Céu 10. M6t dong co dién co hai van bao hiém cing hoat dong. Xac suit hoat dong tot cia van I 1a
0,9, cua van II 13 0,72. X4c suét hoat dong tt cua van I, biét van II hoat dong tbt, 1a 0,96. Gia st
van I hoat dong tbt, xac suit hoat dong tdt cua van II 1a:
A. 0,675. B. 0,768. C. 0,66. D. 0,78.
ICau triic nghiém diing sail
Trong mdi ¥ a) b) ¢) d) & mdi cau thi sinh chon diing hoic sai.
Céu 11. Cho tap hop A gdm 20 sé nguyén duong khong vuot qua 20.
a) S6 cach chon 4 s6 nguyén duong tir tap A 1a Ago .

b) Tich cuia 4 s6 nguyén duong la 50 1¢ khi va chi khi ca 4 s6 1a 56 1é.

c¢) Tap hop A ¢6 10 s0 1€.

d) S cach chon ra 4 s tir tap A sao cho tich ctia 4 s6 d6 1 s chan 1a Ay, — 4/} .
Cau 12. Cho tap hop A gOm tit ca cac chit s6 12 0,1,2,3,4,5,6,7.8,9.

a) Tap hop A c6 10 phan tr .
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b) S6 tap con gdm 6 phan tir ciia A 13 A160 .
¢) Vi mbi tap con gdm 6 phan tir cia A thi c6 diing mot cach sap xép cac phan tir theo thir
tir giam dan.
d) Co 45, s6 gdbm 6 chit s6 co dang abcdeg thoimin a>b>c>d>e>g.
Céu 13. Lop 12A ¢6 40 hoc sinh, trong d6 c6 30 hoc sinh gioi toan, 35 hoc sinh gidi tiéng Anh, 25
hoc sinh gidi ca hai mén. Chon ngau nhién 1 hoc sinh. Xét cac bién cb:
A: “Hoc sinh dugc chon gioi mon Toan™.
B: “Hoc sinh dugc chon gidi mon tiéng Anh”.
a) P(A)=0,75.
b) P(B)=0,875.
c) P(AnB)=0,625.
d) P(Au B)=1.
Bai 13: Lop 12A c6 40 hoc sinh, trong d6 c6 30 hoc sinh gioi mon Toan, 35 hoc sinh gioi mén
Tiéng Anh, 25 hoc sinh gioi ca hai mén. Chon ngﬁu nhién 1 hoc sinh. Xét cac bién cb:
A: “ Hoc sinh dugc chon hoc giéi moén Toan”
B: “ Hoc sinh dugc chon hoc gioi mon Tiéng Anh”
a) P(4) = 0,75.
b) P(B) = 0,875.
c)P(ANnB) =0,625.
d)P(AUuB) =1
Bai 14. Hai xa thu An va Binh bin vao cung mot muc tiéu & hai thoi diém khac nhau véi Xac suét
ban tring muc tiéu lan lugt 14 0,6 va 0,7 . Xét cac bién cd:
A: "Xa thi An bin trung muc tiéu";
B : "Xa thu Binh ban triing myc tiéu".
a) P(4) = 0,6; P(B) =0,7.
b) Hai blen ¢d A, B 1a doc lap.
¢) Xéc sudt ca hai xa thi déu khong ban triing muc tiéu 13 0,42 .
d) Xac suét ca hai xa thi déu ban triing muc tiéu 13 0,58 .
Bai 15: . Mot 16p hoc c6 17 hoc sinh nam va 24 hoc sinh nit. C6 gido goi ngau nhién lan luot 2 hoc
sinh (co thtr t) 1én tra 16 cAu hoi. Xét cac bién cd:
A: "Lan tht nhét co giao goi 1 hoc sinh nam";
B : "Lan thtr hai c¢6 gido goi 1 hoc sinh nit".
a)P(B | A4) =0,575.
b)P(B|A) =106
c)P(B|A) =0,425
d)P(B | A) = 0,4.
Bai 16. Gieo mot xtic xic cin dbi va dong chat 1 1an. Xét cac bién cb:
A: "Mt xuét hién cta xtc xic ghi s6 5" ";
B : "Mt xuit hién cia xtic xic ghi s6 1&".
a) P(4) =2,
b)P(ANB) ==
b) P(B\4) = 1.
b) P(A\B) = =
Céu 17. Trong mot hop ¢6 10 qua bong mau xanh va 12 qua bong mau do, cac qua bong co khoi
luong va kich thudc nhu nhau. Ban Tuan 1iy ngau nhién 1an luot 2 qua bong, mdi 1an 1y 1 qua va
khong hoan lai. Xét cac bién cb:
A : "Lan thir nhat 1y duogc qua bong mau xanh";
B : "Lan th hai ldy dugc qua bong mau xanh".

5
Y P(A)=17-
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1

S

b) P(B|A)= T

c) P(B|4)

\1|u.>N

d) P(B)= 151

Cau 18. Mot ctra hang c6 hai loai bong dén Led, trong d6 c6 65% béng dén Led 1a mau tring va
35%bong dén Led 1a mau xanh, cac bong dén c6 kich thudc nhu nhau. Cac bong dén Led mau trang
co ti 1¢ hong 1a 2% va cac bong dén Led mau xanh c6 ti 1€ hong 1a 3% . Mot khach hang chon mua
ngéu nhién 1 bong dén Led tir ctra hang. Xét cac bién cb:

A : "Khach hang chon dugc bong dén Led mau tring";

B : "Khach hang chon dugc bong dén Led khong hong".

a) P(Z)zo,és.
b) P(B|A4)=0,02.
0) P(B|Z)=o,3.

d) P(B)=0,9765.

Cau 19. Mot kho hang c6 85% san pham loai I va 15% san pham loai II, trong d6 ¢6 1% san pham
loai I bi hong, 4% san phém loai II bi héng. Cac san phém 6 kich thudc va hinh dang nhu nhau. Mt
khach hang chon ngiu nhién 1 san pham. Xét cac bién cé:

A : "Khéch hang chon dugc san phém loail";

B : "Khach hang chon dugc san pham khong bi hong".

a) P(4)=0,85.

b) P(B | A) =0,99.
c) P(B) =0,9855.
d) P(4|B)=0,95.
Cau 20. Mot xudng may st dung mot loai linh kién duoc san xudt tir hai co so I va IL. S6 linh
kién do co so I san xuat chi€ém 61 %, so linh kién do co s¢ II san xuat chiém 39 %. Ti 1€ linh
kién dat tiéu chuan cua co sc’r’ I, co so 11 1an luot 1a 93%, 82%. Kiém tra ngau nhién 1 linh kién
0 xuong may. Xét cac bién co:

4,: “Linh kién dugc kiém tra do co s& I san xuat”;

A4, : “Linh kién duoc kiém tra do co s& II san xuét”;

B : “Linh kién dugc kiém tra dat tiéu chuan”.

a) P(4,)=0,39.
b) P(B|4,)=0,82.
c) P(B)=0,8871.
d) P(4,1B)=0,55.

|Cﬁu tric nghiém tra loi ngz"m|
Cau 21. C6 bao nhiéu cach xép 4 ban nam va 4 ban nlt vao mot hang doc sao cho 2 ban nam bat
ki khong dung lién nhau va 2 ban nit bat ki khong dimg lién nhau?
Céu 22. C6 bao nhiéu cach 1ap mot mat khau 1a mot day 8 ki ty, mdi ki tu 1a mot chir s6 ma sb
1 xuét hién 3 14n, s6 2 xuit hién 3 14n, s& 3 xuét hién 2 1an?
Céu 23. Mot bo bai ta lo kho gém 52 quan bai, trong d6 ¢6 13 tir quy (mdi tir quy 1a mot bo 4
quan bai cung gia tri, vi du 4 quan At, 4 quan K,...). Rat ngau nhién 6 quan bai. Xac suét rat

duoc 6 quan bai bao gom 1 tir quy va 2 quan bai con lai & 2 t quy khac nhau 13 % voi % la

phan s6 ti gian. Gia tri cia @ 1a bao nhiéu?
Cau 24. Hai ban Hai va Binh cung tham du mot ki thi trac nghiém, vong 1 thi Toan, vong 2 thi
Tiéng Anh. Mo6i vong thi c6 8 ma de dugc danh so tir 1 dén 8. Moi ban phai boc tham ngau nhién
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1 d& Toan va 1 dé Tiéng Anh. Xét bién ¢é A: “Hai ban c6 chung mé dé & duy nhit mot vong thi”.

, A , - A £ . a . . J4 A , S \
Xac suat cua bién co 4 1a va a, b 1a cac so tu nhién khac 0, b < 50. Gia tri cia ¢ + b 1a bao

nhiéu?

Cau 25. Cau lac bo van nghé cua truong Giai Phong c¢6 40 ban déu biét choi it nhat mot trong
hai loai dan la organ va guitar, trong d6 c6 27 ban biét choi dan organ, 25 ban biét choi dan
guitar. Chon nge:lu nhién 1 ban. Xac sut chon dugc ban biét choi dan organ, biét ban d6 choi
dugc dan guitar, la bao nhiéu?

Céau 26. Lop 12A c6 37 hoc sinh, trong d6 c6 15 hoc sinh thich mén Tin hoc, 20 hoc sinh thich
moén Tiéng Anh, 10 hoc sinh khong thich mén nao trong hai moén trén. Chon ngau nhién 1 hoc
sinh. Xéc suét chon dugc hoc sinh thich mén Tin hoc, biét hoc sinh d6 thich mén Tiéng Anh, la
bao nhiéu?

Céu 27. C6 hai thung I va II chira cac san pham c6 khdi lugng va hinh dang nhu nhau. Thing I ¢6 5
chinh pham va 4 phé pham, thung 2 c6 6 chinh pham va 8 phé pham. Liy ngau nhién 1 san pham tir
thung I sang thung II. Sau d6, 1y ngau nhién 1 san pham tir thung II dé sir dung. Xac suat liy duoc
chinh pham tir thung II 12 bao nhiéu (lam tron két qua dén hang phan trim)?

Cau 28. Ti 1¢ bi bénh cum tai mot dia phuong bﬁng 0,25 . Khi thyc hi¢n xét nghiém chan doéan, néu
ngudi c6 bénh ciim thi kha nang phan tng dwong tinh 1a 96% , néu nguoi khong bi bénh cum thi kha
ning phan tng duong tinh 8%. Chon ngiu nhién 1 ngudi tai dia phwong d6. Xac suat ngudi duoc
chon c6 phan ung duong tinh 1a bao nhiéu?

Cau 29. Thuc hién khdo sat tai mdt dia phuong ma sb tré em nam gép 1,5 1an sb trée em nit, c6 8%
sO tré em nam bi hen phé quan, 5% so tré em nit bi hen phé quan. Chon ngau nhién 1 tré em. Gia str
tré em duoc chon bi hen phé quan. Xac suét chon duoc tré em nam 1a bao nhiéu (lam tron két qua dén
hang phan mudi)?

Cau 30. Truong Binh Phuc c6 20% hoc sinh tham gia cau lac bo am nhac, trong sb hoc sinh d6 ¢6
85% hoc sinh biét choi dan guitar. Ngoai ra, c6 10% s6 hoc sinh khong tham gia cau lac by 4m nhac
cling biét choi dan guitar. Chon ngau nhién 1 hoc sinh cua truong. Gia st hoc sinh d6 biét choi dan
guitar. Xac suét chon dugce hoc sinh thudc ciu lac bd Am nhac 13 bao nhiéu?

CHUYENDE 12
) . PHUONG TRINH MAT CAU
A. KIEN THUC TRONG TAM
e« Mat cau tim I(a;b;c) va co6 ban kinh R c6 phwong
(S):(x—a)+(y-b)’+(z-c)’ =R’
« Phuong trinh x° +y* +z° —2ax—2by —2cz+d =0 véi a’ +b* +c* —d >0

la phwong trinh ciia mdt cau cé tim 1(a;b;c) va bdn kinh R=~a*+b* +c* —d.
« Dé mot phwong trinh la mét phwong trinh mit cau, cin théa man hai diéu ki¢n
H¢ sé trwde x°, y*, z° phdi bang nhau va a* +b* +c¢* —d > 0.

B. BAI TAP ]

I. TRAC NGHIEM 4 PHUONG AN LUA CHON

Cau 1. Trong khong gian v6i hé toa dd Oxyz, cho mit cau (S): x° +(y+2)2 + (z—2)2 =8. Tinh

bankinh R cia (S). A . R=2J/2 B.R=64 C.R=8 D.R=4

Céu 2. Trong khong gian Oxyz , mit cau (S): (x—S)2 +(y —1)2 +(z+ 2)2 =3 ¢6 ban kinh béng
A9 B. 243 C.3 D. 3

Céu 3. Trong khong gian Oxyz, cho mit cau (S): (x+3)2 +(y+1)2 +(z—1)2 =2.Tam cua () c6

toadola: A (3;-11) B. (-3;-L1) C.(-31-1) D. (3;1;-1)

Cau 4 Trong khong gian voi hé truc toa dd Oxyz, tim toa d0 tdm 7/ va ban kinh R clia mét cau

(x=1)" +(y+2) +(z—-4)" =20.
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A I(-1;2;-4),R=245B. I(1,-24),R=20 C. I(1;-2;4),R=2y5 D,
I(-1;2;,-4),R=5\2

Cau 5. Trong khong gian Oxyz , cho mit cau (S) x> +y*+2°+2x—22z—7=0. Ban kinh ctia mat

cau
da cho bang: A.3. B. 5. C. 7. D. 9.
Ciu 6. Trong khong gian Oxyz cho hai diém I(l;l;l) va A(l; 2;3) . Phuong trinh mit cau ¢6 tam I
vadiqua A la
A (x+1) +(y+1) +(z+1)" =5 B. (x+1) +(y+1)" +(z+1)" =29
C. (x=1) +(y=1) +(z-1) =5 D. (x—1) +(y—-1) +(z-1)" =25

Cau7. Trong khong gian v6i hé toa do Oxyz, cho mit cdu (§):x* +y° +z° —8x+2y+1=0.Tim
toa do tAm va ban kinh cua mit cau (S).
A. I1(-4;1;0),R=2. B.I(-4;1;0),R=4.C. I(4-1;0),R=2. D.
1(4;,-1;0),R=4.
Cau 8. Trong khong gian voi hé toa dd Oxyz, cho mit cau (S):x” + > +z° —8x+2y+1=0. Tim
toa do tim va ban kinh mit cau (S):
A. I(~41:0),R=2. B.I(-41;0),R=4. C.I(4-1;0),R=2. D.

I(4;—1;O),R=4.
Cau 9. Trong khong gian Oxyz cho hai diém [ (l;l;l) va A(l; 2;3) . Phuong trinh mat clu ¢ tim
IvadiquaAla

A. (x+1)2 +(y+1)2 +(z+1)2 =5 B. (x+1)2 +(y+1)2 +(z+1)2 =29

C. (x=1) +(y=1) +(z-1)" =5 D. (x=1) +(y-1) +(z-1) =25

Cau 10. Trong khong gian véi hé toa d0 Oxyz, cho diém M (1; —2;3) . Goi I1a hinh chiéu vuong
goc cia M trén truc Ox . Phuong trinh ndo dudi ddy 12 phuong trinh mit cau tim I ban kinh IM ?
A (x-1) +y*+2° =13 B. (x+1) +12+22 =17
C.(x+1) +y+22=13 D. (x-1) +y*+22 =13
Céu 11. Trong khong gian véi hé toa do Oxyz, cho hai diém A(1;-2;7),B(-3;8;—1). Mat cau
duong kinh AB c¢6 phuong trinh la

A. (x+1)2+(y—3)2+(z—3)2 =45 . B. (x—1)2+(y+3)2+(z+3)2 =45,
C. (x=1)"+(y=3) +(z+3)" =45. D. (x+1) +(y=3) +(z-3)" =45.

Cau 12. Trong khong gian voi hé toa d0 Oxyz phuong trinh nao sau day khong phai la phuong trinh
clia mot mat cau?

A X+ 422 +x-2y+4z-3=0. B. 2x* +2y? 42z —x—y—z=0.

C. 2x2+2y* +222 +4x+8y+62+3=0. D. x>+ )? +22—2x+4y—4z+10=0.
Céu 13. Trong hé truc toa do Oxyz , phuong trinh mit cu tim 1(2;1;-2) bankinh R =2 la:

A (x=2) +(y-1) +(z-2) =2 B. X’ +) +2’ —4x—2y+4z+5=0.

C. X’ +y +2° +4x-2y+4z+5=0. D. (x=2)" +(y-1) +(z+2)" =2.

Céu 14. Trong khong gian v6i hé toa do Oxyz, trong cac mit cau dudi ddy, mit ciu nao c6 ban
kinh R=27
A. (S):x2+y2+22—4x+2y+22—3=0. B.

(S):x2+y2+zz—4x+2y+22—10=0.
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C. (S):x2+y2+zz—4x+2y+22+2=0. D.
(S):)c2 +y 422 —4x+2y+2z+5=0.

Céu 15.Trong khong gian Oxyz , viét phuong trinh mét cau c6 tam 1(2;1;-4) va tiép xtc véi mit
phing (a):x—2y+2z—7=0.

A X’ +y +2° +4x+2y-82-4=0. B. X’ +)* +2° +4x-2y+8z-4=0.

C. X" +y +2° —4x-2y+8z-4=0. D. X’ +)y’ +2° —4x-2y-8z-4=0.
Cau 16.Trong khong gian véi hé toa d0 Oxyz , cho mat cau (S ) cotam [ (3;2;—1) va di qua diém
A(2;1;2). Mit phang nao dudi day tiép xtc véi (S) tai 4 ?

A. x+y+3z-9=0 B. x+y-3z+3=0 C.x+y-3z-8=0 D.
x—y—-3z+3=0
Cau 17. Trong khoéng gian Oxyz, cho dudng thang A:#z%z 2_13
X +y +2° —2x—4y+62—67=0. S6 diém chung ciia A va (S) la:

A3. B.0. C.1 D. 2.

va va mit cau (S):

Cau 18. Trong khoéng gian Oxyz, cho dudng thing A:%z—z 12 va va mit cau (S):

xX*+)* +2° —2x+4z+1=0. S6 diém chung cua A va () la:

A.0. ) B.0. C.2. D. 3.
II. TRAC NGHIEM DUNG SALI:

Cau 1. Trong khong gian Oxyz , cho mit cau (S) X+ y’ +(Z+2)2 =9 co tam ; va ban kinh R

. Cac ménh dé sau day dting hay sai?

A. Toa do tAm mit cau (S) 12‘11(0; 0;2) . B. Ban kinh mit cau (S) la R=9.
C. Toa d¢ tm mét cau (S) 1a7(0;0;-2) . D. Ban kinh mit cau () 1a R=3.

Ciu 2. Trong khong gian Oxyz, cho mit cau (S) : (x+3)2 +3° +(Z—2)2 =16 c6 tam ; va ban
kinh R . Cac ménh dé sau day ding hay sai?
A.Diém M(—l;0;3) nam trong mat ciu (S) , VOl M(—l;0;3) . B. Ban kinh mit cau (S) laR=4

C. Toa do tim mit cau (S) 1a7(-3;0;2) . D. Bén kinh mit cau (S) 1a R=16.
Cau3.Trong khéng gian v6i hé toa do Oxyz, cho diém M (2;0;2)va mit cau
(S): x*+(y+ 2)2 +(z- 2)2 =8. Cac ménh d¢ sau ddy dung hay sai?

A. Piém M (2;0;2) thude mit cdu (S) . B. Ban kinh mat cau (S) 1a R=22.

C. Toa do tAm mat cau (S) 12‘11(0;—2;2) . D. Ban kinh mit cau (S) la R=8.
Céu 4. Trong khong gian Oxyz, mit cau (S): (x—l)2 +(y+ 2)2 +(z —4)2 =20. Cac ménh dé sau
day dung hay sai?

A. Béan kinh mit cau (5) 1a 20. B. Ban kinh mit cu () 1a 24/5.

C. Toa do tim mat cau (S) 1a 1(-1;2;-4) . D. Toa do thm mt cau (S) 1a 7(1;-2;4)

Cau 5. Trong khong gian véi hé toa d0 Oxyz, cho cac phuong trinh sau:
(Sl):x2 +y2 +2° +x—-2y+4z-3 ZO’(52)32X2 +2y2 +27° -x—y—z=0
(8y):2x" +2p% +22% +4x+8y+62+3=0_ (S,):x” +)* +2° —2x+4y—4z+10=0.
Cac ménh d¢ sau day dung hay sai?
A. (Sl) 1a phuong trinh cia mot mat cau.
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B. (Sz) 1a phurong trinh ctia mot mat cau.
C. (S3) khong phai 14 phuong trinh ciia mot mit cau.
D. (S4) khong phai 1a phuong trinh cia mot mit cau.

1L TRA LOI NGAN , 7
Cau 1. Trong khong gian h¢ toa d0 Oxyz, tim tat cd cac gia tri cia m dé phuong trinh

x*+y*+2° —2x—2y—4z+m=0 la phuong trinh ciia mot mit cau.

Cau 2. Trong khong gian Oxyz , c6 tat ca bao nhi€u gia nguyén cia m de

X+ +2+2(m+2)x=2(m—-1)z+3m* =5=0 1a phuong trinh mdt mit cau?

Cau3. Trong khong gian Oxyz, xét mat cau (S ) c6 phuong trinh dang
X'+’ +2° —4x+2y—2az+10a=0. Tap hop cac gia tri thyc cia a dé (S)C(') chu vi duong tron
16m bang 8m 1a

Céu 4. Cho mit cdu (S) c6 phuong trinh (36—3)2 +(y+2)2 +(z—1)2 =100 va mit phing (a) co
phuong trinh 2x—2y—z+9=0. Tinh ban kinh ciia duong tron (C) 1a giao tuyén ctia mit phang
() va mat cau (S).

Céu 5 Trong khong gian Oxyz , cho mit phing (P):2x—y-2z-1=0 va diem M (1;-2;0). Mat
cau

tam M , ban kinh b'flng \/3 cit phéng (P) theo giao tuyén la dudng tron c6 ban kinh bﬁng bao
nhiéu?

Cau 6. Trong khong gian véi hé truc toa dd Oxyz , cho mit phang (P):2x+2y+z-m*~3m=0 va
mit cau (S): (x—l)2 +(y+1)2 +(Z—1)2 =9 . Tim tit ca cac gia tri cia m dé (P) tiép xtic véi (S).
Cau7. Trong khong gian Oxyz, cho mit cau (S): (x—2)2 +(y—4)2 +(z—1)2 =4 va mit phang
(P): x+my+z-3m—1=0. Tim tat ca cac gia tri thuc ctia tham s m dé mat phang (P) cat mat
cau () theo giao tuyén la dudng tron cé dudng kinh bang 2.

Cau8. Trong khong gian Oxyz cho mit cau (§):x*+)” +2°+2x—4y—62+5=0. Mt phang
tiép xtic voi (S) va song song voi mat phang (P) :2x—y+2z-11=0 c6 phuong trinh la:

Cau9. Trong khong gian Oxyz, cho mit phing (P):x-2y+z+7=0 va mat cau
(8):x*+y*+2° —2x+4z-10=0. Goi (Q) la mit phing song song véi mit phang (P) va cdt mat
cau

Cau 10. Trong khong gian Oxyz, cho mit cau (§):x*+y* +z° —2x-4y—62z-2=0 va mit
phiang (a):4x+3y—12z+10=0. Lap phuong trinh mit phing (/) thoa min dong thoi cc didu
kién: tiép xtc véi (S); song song véi (a)va cit truc Oz & diém c6 cao d duong

Cau 11. Trong khong gian v6i hé toa do Oxyz, cho A(-1;0;0), B(0;0;2), C(0;-3;0). Tinh ban
kinh mét cau ngoai tiép tit di€én OABC la

q 8 4 ,
Cau 12. Trong khong gian Oxyz, cho hai diém M (2;2;1), N (?S,g,gJ Viét phuong trinh mit

cau c6 tm 1a tim cua dudng tron ndi tiép tam gidc OMN va tiép xtic v6i mat phang (Oxz).
A. x2+(y+1)2+(z+1)2=1. B. x2+(y—1)2+(z—1)2=1.
C. (x=1) +(y-1) +2* =1. D. (x=1)" +y* +(z-1)" =1.
Cau 13. Trong khong gian Oxyz, goi I (a;b;c) 1a tim mat cau di qua diém A(L;-1;4) va tiép xuc

véi tit ca cac mat phfmg toado. Tinh P=a-b+c.
A. P=6. B. P=0. C. P=3. D. P=9.
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Ciu 14. Trong khong gian v6i hé truc toa &6 Oxyz , cho diém A(1;1;2),B(3;2;-3) . Mat cau (S)
c6 tam / thudc Ox va di qua hai diém A, B c6 phuong trinh.

Cau 15. Trong khong gian Oxyz , mit ciu c6 tam / (1;1;1) va dién tich bang 47 c6 phuong trinh 1a
Ciau 16 Trong khong gian v6i hé toa d0 Oxyz , mit cau (S) qua bon diém A(3;3;0), B(3;0;3),
C(0;3;3), D(3;3;3). Phuong trinh mit cdu () 1a

Céau 17. Trong khong gian Oxyz , cho mt cau (5): (x—l)2 +(y—1)2 +2° = 4. Mot mat cau (8") co
tam /'(9;1;6) va tiép xtic ngoai voi mit cau (S). Phuong trinh mat cau (') 1a

Cau 18 Trong khong gian Oxyz , viét phuong trinh mit cau di qua diém A4 (l; -1 4) va tiép xuc voi
cac mat phang toa do.

.Céu 19. Trong khong gian Oxyz, cho mit cau (§):x* + )" +(z - 1)2 = 5. C6 tit ca bao nhiéu diém
A(a,b,c) (a,b,cla cac sd nguyén) thudc mat phing (Oxy) sao cho c6 it nhat hai tiép tuyén ctia (S)
di qua A4 va hai ti€p tuyén d6 vuong goc vdi nhau?

Cau 20 Trong khong gian Oxyz, cho mit cau: (S):x” +y* +(z + 1)2 = 5. Co tat ca bao nhiéu diém
A(a;b;c) (a, b, cla cac sd nguyén) thudc mit phang (Oxy) sao cho c6 it nhat hai tiép tuyén cta
(S) diqua A va hai tiép tuyén d6 vudng goc nhau?

Cau 21. Trong khong gian véi hé toa dd Oxyz, cho mitcau (S) : x* +y* +2z° =9, diém M(1;1;2)
vamit phang (P) :x+y+z—-4=0.Goi A laduong thang di qua M, thudc (P) va cat (S) tai 2 diém
A, B sao cho AB nho nhit. Biét rﬁng A ¢6 mot vecto chi phuong 12 #(1;a;b), tinh T=a-b.

Cau 22 Trong khoéng gian vdi hé toa do Oxyz, cho hai diém A(9,—3,4) , B(a,b,c) .Goi M,N,P
1an luot 1a giao ctia duong thing AB v6i mit phiang Oxy, Oxz, Oyz . Biét cac diém M, N, P déu nim
trén doan AB sao cho AM = MN = NP = PB . Tinh gia tri ab + bc + ac bang

Cau 23. Trong khong gian véi hé toa do Oxyz, cho mat ciu (S) : (x—l)2 +(y —1)2 +z7 =4 vamot
diém M (2;3;1). Tir M ké duge vo so cée tiép tuyén téi (), biét tap hop cac tiép diem la duong
tron (C). Tinh ban kinh » cta duong tron (C).

Céiu 24. Trong mit phing toa do Oxyz, cho bdén diém A(0;-1;2), B(2;-3;0), C(-2;L1),
D(0;-1;3). Goi (L) la tap hop tat ca cac diém M trong khong gian théa man ding thirc
MAMB =MC.MD =1. Biét ring (L) la mot dudng tron, dudng tron d6 ¢6 ban kinh r bing bao

nhiéu?

~ CHUDE13
PE ON TAP HQC Ki II

PHAN I. Cau tric nghiém nhiéu phwong 4n lya chon. Thi sinh tra 10 tir cAu 1 dén cau 12. Mdi
cau héi thi sinh chi chon mdt phuong an.
Céu 1. Cho 4 va B l1a hai bicn co, trong d6 P(B)> 0. Khi do

A. P(A|B):—P(PA(;)B) B. P(A|B)=—P(;(;f)

C. P(AIB)=% D. P(A|B)=%
Ciu 2. VSi 4, B 1a hai bién cd bat ky thi

A. P(4B)=P(B)P(4]B). B. P(4B)=P(B)P(B|4).
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C. P(4B)=P(B)P(4|B). D. P(4B)=P(B)P(4|B).

2
Ciu 3. Tinh tich phan / = j (2x + )dx
A T=6. B./-5. C.1=2. D. =4

5 2
Ciu 4. Cho j F(x)dx=10. Khi do j 4 f (x)dx bing;

2 5
A.32. B. - 40. C. 36. D. 40
Cau 5. Cho hai bién ¢0 4, Bsao cho P(B)=0,7va P(AB)=0,2. Tinh P(4|B).
AL B. 2. c. L. D. L.
10 7 50 2
Cu 6. Cho hai bién c6 4 va B ddc lap, biét P(4)=0,4;P(B)=0,7. Khido P(B|4) bing
L B2 c. L. D. >
10 7 25° 10
Céau 7. Trong khong gian Oxyz , cho mit phang (P) :3x—2z+2=0 di qua diém nao sau day?
A. B(421). B. A(1;2;4). C. D(2;1;4). D. C(2;4;-1).

CAu 8. Mot chiée hdp ¢6 20 vién bi, trong d6 c6 12 vién bi mau do6 va 8 vién bi mau vang; cac vién
bi ¢6 kich thude va khoi lugng nhu nhau. Ban Minh lay 1 vién bi tir hop sau d6 ban Chau lay vién bi
thir hai. Tinh xac suat dé ban Chau lay dugc vién bi mau dé.

A2 B. 2. c. 2 D. 1.
5 5 5 5

Ciu 9.Cho P(4)=0,4; P(B‘Z) ~0,2. Gia tri ctia P(BZ) la

A.0,2. B. 0,08. C. 04. D. 0,12.
Cau 10. Phuong trinh mat ciu (S ) co tam la géc toadd vabankinh R=5 1la

A x> +y +27=25. B. (x—1)2+y2+22=25.

C. x2+(y—1)2+z2=25. D. x*+y* +z°=5.
Cau 11. Phuong trinh mat ciu (S) co tam 1(1;2;0) va (S) di qua A(2;—2;1) la

A (x=1)+(y-2)" +2 =3V2. B. (x—1) +(y-2)+22 =18

C. x2+(y—2)2 z>=18. D. x2+(y—2)2 22 =32.
Cau 12. Co hai chiéc hop dung bong. Hop 1 ¢o 7 qua bong trang va 8 qua bong xanh. Hop II

c6 5 qua bong tring va 3 qua bong Xanh Trudc tién, tir hop I lay ra ngau nhién 1 qua bong roi cho
vao hop II. Sau d6, tir hop II lay ra ngau nhién 1 qua bong. Xéac suit dé qua bong duge ldy ra mau
trang 1a

Y B oL c. 2 p. 2

18 128 135 135

PHAN II. Ciu tric nghiém ding sai. Thi sinh tra 151 tir cau 1 dén cdu 4. Trong mdi y a), b), ¢), d)
& mdi cau, thi sinh chon dung hoic sai.
Céu 1. Cho hai biéncd 4 va B c6 P(A4)=0,6, P(B)=0,4, P(4B)=0,2.

a)P( ) 0,6.
b)P( ) 0,6.
¢)P(4|B)=0,4.

1
d) P(B4)=~.
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Cau 2. Mot lop hoc c6 40 hoc sinh, trong d6 c6 15 hoc sinh nam va 25 hoc sinh nii. Khi téng két
cudi nam, 16p c6 20 hoc sinh gidi, trong d6 c6 8 hoc sinh nam va 12 hoc sinh nit. Chon
ngau nhién 1 hoc sinh trong 16p.
a) Xac suat hoc sinh duoc chon 13 hoc sinh gioi b?mg 0,5.
b) Xac suét hoc sinh dwgc chon 14 hoc sinh nit béng 0,6.

¢) Xac suat hoc sinh dugc chon vira 1a hoc sinh gidi va 1a hoc sinh nit béng 0,625.
d) Biét réng hoc sinh duge chon 14 nit, x4c suat hoc sinh d6 1a hoc sinh gioi béng 0,48 .

Cau3. Trongkhong gian Oxyz, cho mit cu (§):x*+y° +2° +2x—4y - 2z+% =0 va hai diém

A(0;2;0), B(2;-6;-2). Diém M (a;b;c) thudc (S) théa man MAMB c6 gié tri nhd
nhit.

a) Tam cua mat ciu (S) la I(—l;2;1) .

b) Piém A nim trong mit cau (S ) .

¢) Phuong trinh mit cau (§') tm A4 di quadiém B 1a: x° +(y—2)2 +2°=72.

d) Tong a+b+c bang 1.

Cau4. Hinh 1 m6 phdng mdt tram thu phat song dién thoai di dong dat & vi tri [/ (1; 2; 2) trong
khong gian Oxyz (don vi trén mdi truc 1a kilomét) va duoc thiét ké voi dudng kinh phu
song 1a 10000 m .

r

_SL N A VO Hinh 1
a) Ban kinh viung phu song cua tram phat song dién thoai la 5 km .
b) Phuong trinh mat cau mo ta ranh giéi mién bén trong va bén ngoai vung phu song cua tram phat

song dién thogi 1a (x—1)"+(y-2)"+(z-2)" =25.
¢) biém A(l ; 2;6) nam trong ving phii song cuia tram phat song dién thoai.
d) Nha ban Mai va ban Nam c6 vi tri toa d0 lan lugt 1a M (1;2;7) va N(5;5;5) . Néu ca hai ban Mai

va Nam dung dién thoai tai nha thi déu co thé st dung dich vu cta tram phat song dién thoai nay.

PHAN III. Cau tric nghiém tra 101 ngan (Tw luin). Thi sinh tra i tir cau 1 dén cau 6. O mdi cau

thi sinh dién dap 4n cia cau do.

Cau 1. Gieo hai con xuc xic can ddi, dong chat. Biét rang s6 cham trén hai con xtic xic 14 sd
nguyén t6. Tinh xac suat dé tong sé cham 16n hon 6 (lam tron két qua dén hang phan
tram).

Cau 2. Trong mot dém thi hat, mdi nguoi phai tham gia hat hai bai : Mot bai theo phong cach am
nhac dan gian, mot bai theo phong cach 4m nhac nhac nhe. Mgt d6i c6 20 ngudi tham gia dém thi
hat d6. Két qua 1a 15 ngudi dat bai thi theo phong cach 4m nhac dan gian, 17 ngudi dat bai thi theo
phong cach 4m nhac nhac nhe; 2 ngudi khong dat ca hai bai. Chon ngau nhién mot ngudi. Tinh xéac
suat dé nguoi d6 dat bai thi theo phong cach 4m nhac nhac nhe biét ring ngudi d6 dat bai thi theo
phong cach 4m nhac dan gian (lam tron két qua dén hang phan tram).

Céau 3. Hé thong dinh vi toan cau GPS 1a mot hé thong cho phép xéc dinh chinh xéc vi tri ciia mot

vat trong khong gian. Cach thirc hoat dong cua GPS nhu sau: Trong cung mdt thoi diém, vi tri M
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cua mdt vat s€ dugc xac dinh bﬁng 4 v¢ tinh cho trudc, cac vé€ tinh nay c6 gén may thu tin hiéu, b?mg
cach so sanh thoi gian tir Iuc tin hi@u duoc phat di véi thoi gian nhan tin hiéq phan hoi thi s€ xac dinh
duoc khoang cach tir cac vé tinh dén vi tri M . Nhu vay, vi tri M 1a giao di€ém clia 4 mat cau c6 tam
1a 4 vé tinh da cho. Gid sir trong khong gian Oxyz, 4 vé tinh c6 toa d6 1a4(-1;6;3), B(4:8:1),
C(9:6;7), D(—1518;7). Tim vi tri M (x;y;z) cua vat biét khoang cach tir M dén céc vé tinh lan
luotla MA=6, MB=T7, MC =12, MD=24.Tinh x+y+z

Cau 4.Lop 124 5:(') 60% hoc sinh nam va 40% hoc sinh nt. Trong~sé hoc sinh nam c6 40% 1a hoc
sinh gioi; trong s6 hoc sinh nir ¢6 20% la hoc sinh gi6i. Chon ra ngau nhién mot hoc sinh trong 16p.
Tinh x4c suat df? hoc sinh duoc chonra la h(_)C sinh nam, biét rang h()c sinh do6 1a hoc sjnh gioi.

Cau 5. Mot chiéc ban gap gon da duogc thict 1ap hé toa d6 Oxyz . Biém A4 1a chan ban ti€p xuc voi mat

x=-3+t
dat thudc duong thang a:y=1+¢  cit mit ban (P):x+y—2z+6=0 tai diém F. Do dai chan
z=-2+4t

ban FA= 40\/§ cm , khi d6 d6 cao ciia mat ban tinh tir mat dat 1a bao nhiéu cm?

Cau 6. Mot nha may san Xuét bong deén ¢o ti 1€ bong dén dat tiéu chuén 13 80%. Trudc khi xuét ra thi
trudng, mdi bong dén déu dugc kiém tra chat lugng. Vi sy kiém tra khong thé tuyét doi hoan hao nén
ti I¢ cong nhan mot bong dén dat ti€u chuén 14 0,9 va ti 18 loai bé mot bong hong 1a 0,95. Hay tinh ti
1¢ bong dat tiéu chuan sau khi qua khau kiém tra chét luong.
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